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THE STUDIES REPORTED WERT ATTEMPTS TG LEARN THE INNER ARRANGEMENT OF
DOING MATHEMATICS. MATHEMATICS WAS VIEMED AS A WATTER OF SOLVING
PROSLENS 8Y A-ZEQUENCE OF STE®S SERFORKED AS AN ALGORITHN. THE
PROCESSES STURTED MERE~~(1) COUNTING QR ENUMERATING SEYSs (2}
SIHPL IFYING COMPLEN LOGICAL STATENENTS. (31 400ING LARCE NUMBERS,
AND. (4) NULYIPLYING. YITHIN EACH EXPERIMENTs A VARZETY OF TASKS WAS
CONSTRUCYED SU-THAT DIFPERENT OI SCRIKINATIONS, 3LIGHTLY UEFFERENT

TESTEQ, STUDLES ON ENUMERATIGN TESTED 18, 20, AWD 24 SCHCOL CHILOREN [
AND COLLESE STUDENTS IN THREE EXPERIMENTS. SUBJECYS FOR THE CTHER
PROCESSES 'STUDISD WERE 38 SCHOOL CMILOREN, 12 SCHOOL CHILDREN
DIVIBED ACCOROING TO ACE; AND 50 COLLEGE STUDEATS, STUDIES

DENONSTRATED THAT PATTERNS OF SEAFORMANCE NAY ENCIGE. UNDER STUDY OF
THE ELEMENTS OF A MATHEMATICAL TASK. (IN)
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The glemorous part of mathemstics is solving original problems,

Lub the mest and poletss ore the ordinawy nrocesges of celculeting

answers and simplifiying compiieated expreisions. The two kinde of
activities are complementary, st least foi the mathemstician, vaose
1dess give life to his galculations, but whose calculstions are the
bene and muscle of hie results, For miany children who will not be
mathematicisns, the sbility to calculste accurately, rapidly, ‘and to
ceiculate the relevent saswer, is of grent value, It is true that
very iazge and repetitive calculations are now {urned over to elece
tronic cozputers, but, (&) meny practical calculations are too small
t0 4o on & caomputer, for the answer cen be obtained before the preblem
is even progrméé. for the computer, end (b} orogramizg & Gomputer
to calculate is itself a process rather like caleulatinge
Crlculation haé been 1little studiaed by pé&chologiats, who have
preferred to study problemesolving end thinking, TThe remarkeble
s%iﬂ:les of Jesn Pieget, Margaret Donaldson, end many others in
Mehildven'ss thinking" often have desli; with problems thet imvolve
vem'y A.ttle calc:zlatioa. If we wish to study the pure proeess of
thinking. then the success ot the pz'tncess sheuld not be obscured by

 mere slim in calcula%icn. Hovever, tiis obvious point hes led

R

psycholoss.sta W trom any sort of csicuia.%ion.
| A near exeapt&ou 19 the studiam of processes “of so!.ving problens
m &nte%l.isence.v tests. as pexfomed by ﬁox‘oert Bimon 26d his collesgues.

‘mis group nave writm cwputar progrm. wiEh "hsuristic” assunptﬂ.mn
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built in, to psrform tesks such as continuing partial series ¢f numbers,

) etc. Nauy of the probliems are model caiculations, but differ from
ordinary methematics in thet (a) the necessary informetion for &
ccaplete solution 45 aot given, (b) 'ﬁhe teek-is not taught as suck in
school, and (c) there 1s no particnlar use for the skill tested.
These thrse piopertles sgeem to be cheracteristic of problems that are
#ost useful iss intelligence tests,

The prezent research is based ok the assumption thet ordinary
nathemetics i3 Both useiul and interesting, In 2 sensey it is trivial

to add 4 colum of nuwbers, Thet is, no new results arve likely to be
chtaiyit fomm g asthenatical é*‘bwdpoint. - Bowevery the tern "trivial"
myy chscuve the true value of the cperatiocns. First, the answer to
the sum of & column of nunbers mey be interesting, If the numbers
are the anounts of: checks written last ronth, then the sum is the
total anount  abhey apent throuch checks, and may be & most intere
énting practical piece of informdition.: If :the nurbers are the nune
vaPs Of ergore made st varitus ‘Stages of practice in a learning
: experinsut, then the suns sys the:values of the learning curve, and
heve geientiftic interest, - I't mighit be argued that adding a cclumn
of nunhars refults fa-s usefud fect zoxe often then any othey known
matHematiced operation, - -
2 Séoondy adding @ dolumn of numhiers is-un exampls of o procass of
: 2educing a cmg;;é_t%mum&' 40 & cdnonical, Tsimplified® form, and
that Process is -toth-a. mb&éﬁ&-‘oﬁ;&nﬁaﬂuﬁﬁgsinv‘utigatxm amd s s
tooL 46 aluost 411 other dethoviacical procenseys ‘The caloulation; =

M + -
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to its cencnical or simplest form, 5201,

It huppens ‘het for every set of rimbets o be ‘adaed, Ths sum of
every set of integers or raticnal nmumbeis, there is°a uniqie cHaonicsl
form consisting of & single nwber. 7The existelce of 'this wiique form
is of great thestretical signiffcance; in’ that 1t etabilshes thit- such
ealiulations can be carried out by slgorithms’ (el Wafixald ‘déiiiinces

~ of #%epit, like & compiter program). -

Polye hes 8aid thet vrébleie 46 asblissatiss $ais"bng of tws' forms;
70 PROVE, or T0 FI¥D, Thé théorems about lincuieal fobme, Prove that

thare 1s s wnique sum to every set of nulberd; ehel niy B relibively

complicited and:edvinceds Thé-Probess-of Pifding tha '§6iutica 18y also, -

coapliceted though in-thé'ciss of eleibutiry arithembitic 1t donitats

of sn-ulgoritim; ‘The ‘viifiinée 6F'the W14orithnm HA prooPs ot*the
uniquensiy iof the soliition dasisé s that ‘theve vill vifio nithiniAtical
swprises when ‘we edd » -6oliin ‘6f iNbers-lk-Lact wida Wideh veukiig,
AMOKE- Ot haix Tiumidn 'WOtINIt1EE; da VINEST HOwEvEE ] fky tiot CHares
4 Eathetat ’fé’&fﬁ%ﬁﬁf?%%é” SRR\ S
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"P6¥Goie GGinlusion”, but this does not mean thet the outcome is knovn
before ¥he process is carried oute e |
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Althougk we have sone understanding, in & general way, of the
> natheaatical nature cf adding a column of numbers, it i= remavkabile
that we have s0 little underatending of the paychology of this process.
Iike other calculations, adding & colum of numbers may be thought of
ar; sn algorithm, and this brings to nind two questions, First, vhaet
ure the elementary steps in the process? Secaad, hiw are these steps
coubined into thé whole serial process?

In adding numbers, we should nat be too sure that we know vhat
the elementary stages are. Following an ordinary method as the writer
hinself performs the task, ccasider sdding by the usual rethod s if
it were s cimputer program: The progrem is sketched below, though of
courve the informaticon given below is imsufficient to find vhere to
write the snswers, how %o cexrry, ete.

Noitice thet each column of the. numbers is made up of s chain o
loop of subeprocessss, including adding new nuubers to a preseut sum
and then checking to see if cne is at the end of the cclum. Peycho~
logically, adding 7 fo_ a rrea.nt-nﬁ‘n of 25 may be relatively compliceated,
end is not easily performed by a young child. At each changs of
colunn, o new choam>M ‘eaxiying operation must be performed.

Thus, thers are s musber of "‘:I.nstiwatiom" or steps, snd a number of
dectsicus to be sads, within this elgorithn, Furthermore, the algo-
rithm, sinoe 1t comteins loops, represents & serial process in vhich

‘ cmmm are strung together vithin s framevork. All
umjawu o colum of nunbers by the stendard method iz relatively
Vm:mo&. |
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A psyrchological anaiysis mey approach the problem from several
other dinactipnb. Adling, certainly, invoives a good bit of memcxys
We merely remember thet 5+ 8= 13, A fairly lerge stors of permsmant
inTormation is esployed, Whether it is subject to confusion, deisyz
in access, ete, '3 is a question of 8008 impogtg_\pce, Also, adding by
the usuu Mhodq.:equim ,the use of some short-term memory--the child
lose tragl; of wbo;e he i,l’,il,l t%z@‘pggplgg@\eth Siniwly, the child
must remeuber vhere he 1s ir the algoritip, In addition, numbers must
be perceived without error, Finelly, answers must be written dom
correctly, in thg ri.ghi: plgpe. ] All of these sube-activitics are possible
sources of deley or error.. . 4

The problem, of these lavertigeticms, is to dsterning Bore sbost
the sctual sources ang symptons of Mfficylty in simple aritametical
taaks, vith the hoge (a) of learning more shoys Wy cogittion rud

(b) of laying the fowmdation for.a sensible pedegogy of mathematics.

;«,‘_
YOS

'Iheowy

.- ”(é ‘» "/ ’ 4 ‘“\ ¥ ~‘c‘ byl

5@3 children naturauy" .go at comeeg enswers? If we believe
thet Shey. 4o, ¥ should stuly thikingin e egstive fashion, for
every timo Yhe ¢ child “’:‘;"' at an error, some cayse mast be lmputed,

scme :\‘actqr mqt be found, thet inte r;gm with the, Child's natural

CEehE g G il

proclivity to Salculate correctly. This point of view is most sccu~
r&teh .t‘?d in w.. ; {';J '@h *’n .i%&e b@‘ﬁ"' xRy M‘« «Jia?“.« “ m"

P

Vhich inevitshle fie: q. Torces sitract 3359 nind %o the tine source of

AR




the difficulty, then swirl about end comdine o preduce the solution,
Only rigidly, ordinarily induced by bad teaching, cen prevent this
natural procese £rom proceeding to its charming conelusion,

In opposition to this roumantic position stands Plaget, with his
ssoortion that the young child 4s by nature *1gid and unaeble tO come
pt;ta, end only develops flexibility, the ability to be carried hy the
structure of the sitwation to e proper auever,; by a series of new
developments jeeding Lo groupments and operaticnsl thinking,

The present studive diffes fvom Piaget's usual orSentation in
et atication centers on the purticular tasks of arithmetic, rather
than on the general abilitice and levels of d2velopnent studied by
Plaget, It 13 natural, with the intevests of the Geneva ledoratory,
thet the tasks should be chosen not for intrinsic interest but for tue
infurnztion they purportedly \‘ahw? o the thought processes of the |
¢aild, ii’hqrefcre. problens in ”e'ona‘m&ticon" of voluues, in number
of ﬂm P lubsets comparzd w:lt,o vhe mole set, etc., are characs
tsriet!.c top:!,c? of study, The hiif s asl;.«t vhat moves the tress on
a bz'eezy Mg cr 18 required tc‘ soive mpla problem td.th a bYalsnce,

Such tuaku are chosen, usua.uy 80 as to mi’aimiza the momt ot
ca.lculation mqured. becme the :lnv*eatigator ls 1ntereatea in general
.wve.ls or dcvelomt, not :ln the mre zﬁechanica of manipulating
lymbols. Aq e mnlt, such invutigatim ten. us almont nobhing a‘bmt
how children calcu.wto.

A theory der:lvca. from aork d.a Eiaget’a vin a\.tri‘bute aqlutim

woEh oWl

of 8 given problem $0 the génexe.l eviiity, developed by the chi1d, ©o
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perforn operations with the requirsd level of shstractness and the

g - roqeired flexibllity of imterrelationship., The analysis mey include

the id~a that spacific relatioziships. not only "levels of ability" must
be presant, but this merely leads us back into the educationsl snd
psychological history of the child,

The pressat theory hes three parts. Firat, the assumpticms and
elementary. ccosequences of “discrimination-learning” theory will be
stateds Second, the gameral idea of algorithms and their applicstion
1) e;‘lemgntary mathenatics will be outlined. Pinaldy, an integration
of the two sets of idess will be sttempted, in the way of asking how
the chlld will guide his algorithnic behavior by discriminations.

. gbaﬁﬁnatim-;_gm T:eoxry
Discrinination-Learning Theory is & sst of euperiméntﬁi:findinge',

conracted by comon underlying assumptions, that cen serve.aa"hhe basis
Lor pwdicting behavior in more complex aituatiems. In thie , 1t e
like clessicel-couditioning theory and Skmnorian oxoa\v'aat-conditioﬂing
theory, |

~ ‘Phe conditioning tbeories cenﬁex' on the ides that iemwg reaulta
in tk: formation of reew -eomectﬂ.m batweea stimnl’ am'.’t responsea.
It e GS is foliowea by a ch. a cunditicmd res:pmae CR 1r111 e.ypear,
attached to tha 08., ‘18 is ro'umed R axna. t;h by a minforcement.
in Ekinner:lan thecrry. then the cmnocttt;n of R te s i.a at:emnthmed.

- vt

Dﬁ.scrimtna:bi m—haming Thcory '.!.s emcernee!, not v:l.th tho

W, S s Tk ) Yy & ‘eg L AR

£

fomaﬂm but vith thke a elag;_ or uppropr:l.ate respomee: to attmuli

s
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- In its simplest form, the theowy deals with & sequence of trials of

| training ou each of which o stimulus situaticn is shown and a "eorrect

enover" indicated, Ir aninmal-training, the animal is required to make

a choice response eadh trial, then is elther rewarded or punished de-

pending on whether he is correct .ornote.  The correctness of & response

is indicated ¢nly by the reward or punishment,: This.is trialeande -
error learnings ¢

‘!;a BULFESE;" faced with successive trials of such a prcblem,
establishes & pattern of responding that may be.cailed a "strategy”.

By & strategy is mesut & pattern of responding that provides the sube

Ject with a response to each of the situstions presented in the problem.

Thet i, Discrimination Learning Theory 4ces not 'assume: that the sub-

! Ject scquizes each part of his behavior pettern independentiy-=-on the
contrary, it assumes that ell segments of the behavior system are
orgsnized Trogthe beginning: -~

IT the sublect wets with ‘success, that ds, if he attalns s pro=-
gportion of revards ‘over punishmext: that iz high relative to his
steaadari or adiptatiop-lcvel, thén he mainiatns the asme strategy. If
b falls, hat i, if his level of rewerds alls below the adeptaticn

“34vel, ‘the sublect chisnges strategy. - . v i oL

The subjeet is- conceéived $o have availebla & fixed wet of strate
egles 8 o+ Some af-these stretezies, (noS necessarily a unique omel,
will servé to solve ‘the provisn’end:providéithe sulijdet itk oatine

©  faction aad success, ° This is the satvof ‘Seorrect! atrategies, synbolized

by € . other strategies are irrelevant ¢o the problem st rand, end

Aruitoxt provided by Eic
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if Zollowed lead the subject to umsatisfactory perfornance and "failure”,
- It 1s und'erstocd that such irrelevant atmtegies,( the set I , may
Jead to temporery or“ partial success. ‘

If 8 18 constituted mly of the sets C end I , 80 that
CUZI= 38, then e have a reluiively simpie experimental problem. The
subject beglus the problex by choosing some ome strategy at random from
S . If the strategy so chosen is in ¢ s the subject begins at ones
per:ozfn@.xgg correctly. If the strategy is in I, then cventueliy g;d
befors long the subject experiences feilure, and then resamples from
the set S , vith replacemert, (That is, the set S is not changed.)
If ;his is alsc an irrelevant strategy, an elsment of the set I ,
then later the subject will again ressmple, He resamples over and
over until he happens to hit upon & correct strategy, in the set ¢,
stnt;e that strategy leads to success, the aub:,ec’t- doss mot chenge 1it,
and his perfomance will stebilize at snecess.

In this simple si%uai:.en there are severkl pmperties of the
beﬂav:!.or that are of theoretical and practice.. interesi.

1. Perfomanca or “learning" is all-orenone, |

Proor- 12 the aubJect hasg an irrelevant atra.tegy he must
mmple, and thst puts him back in the situaticu of sampling at which
he sterted, Thus, until he hits a strategy in set C , the subJect
mskes no partial progross, | .

2, 'i‘he mobabinty of auffering exut;ly n failures forms a

Y ﬂé“}"’"

| gecmetric diatribution aad dnpenda upcw the pfapvrtion of con'ect

strategles, ¢ .
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* " ‘Proof: The probahil:lty of zero arrors is the grobabilipy y

that the first sample 18" correct, wh:lch ve ca.u c . Suppose the sube

[}

Joot instead first chooges an irralavant s:'!-wﬂ'&nm with moshald 9it..

' W dae UhS H‘ E'U*“UJ
>
. PPN
T A

l-c . Then he certeinly suffers @ failure, If he then samples nd
chooses & correct strategy, (pro’bability c). the first ta:llure w:lll be

. ,\ 4 4 I
N “7,4} ?‘Uf t s‘, , o ( .(, s ;J,

the only cte, Therafore,’ the ﬁrobabil:lty ot exa.ctly oue failure is

. ;&
Vi Do e S L 0,

¢ :l:—c)c « To suffer exmly 2 failures, the subJeet must choose

1 ,;N e
ALFRTRY Hrgd

jrrelevint: stra.tegies the first n samples, with probability ( Zl.--r:)’Jl

25 l“'/\, n»i‘w~

S ‘choosie & eorrect strategj éo' 53 to end the failurea. 'thus, :ln

S
£ . TN ‘r¢, [

general, the prob..bility thet T . téual ra:lluras, eg,ua].s B is
sivea by o

. X,r

P(‘I’ﬁa) = ( l-e)nc

s ¥ _mﬂ, PR 1

“w v‘ < - .

LB e .
4

& georetrié distribution. i is caLed 8 gecmetric distribgtion

cw o
- = LR W
; : \v‘r#" [ . Fatru 2

because the sequence of snumbeta, ¢, (l-o.)c > (:I.-»tz)2 y ete., fornm

Al “x 5, i SN
a-gaométrie progression). Furthemore, the pa.rameter e of that

s\i‘ '?s ~-5~«' ! ﬁ““

alstributich is the probabiiity of 'samoung & correct stmtmsy,, given

N (3 “'
P ARG L F thos s

e W ‘f.?'-‘.d i

3 DAY 4
0P R TR

PR 4’ Mat SAdal Y
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the sub.ject resamples .

N +
v e ¥ !
S{U‘ o 1{l - rgil

Corolleiiess Elementary probabinty theory tells us that.

'3 ¥ »f ﬂ's" ‘: 3 “ « . N
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and {5 €lightly Yerger then-the means The dsta ave highly varieble,
Furthcmore, {he gecuetric ‘distribution is J-shapeg, with 1i;a mode e:bv
zero’ PalluFen.

3, The speed of lsarning depends upon the probebility of choosing
s correct strateégye ,

Proofs ¥rom point 2 cbova, gspectaz.;y Equaﬁio‘n 1: HNotice
that a3 ¢ increases thie fraction (1~c)/c . decrsagese=hence a3 the
probabiiity of chodiing & correct stratesys. © » hecml&rger.“the
ezpec’beﬁ totel feliures before solution gels smallers | ”

RemaTk: Mean totel failurss, 3Z(T) , is & useiul udnx of
Agierionity” of the problem, and we shall think of "repid learning” a3
freduced méen errors® - - R

4o let any set A of strategles, o subset of S , have a measure
n(A) . We constvue m(A) as the tendemsy Zer the subjest, when he
aampl‘es ‘tvom ‘%~ § - conteining - A , Lo chocae his zamglm i‘rm Al
D g iid @8mwCUI, and € hes no elements in common vitl; T h
by Gefinition, it Toiliows fm elmv&g meam.re theory that
(4] *(8) < m(c} * m(

How ¢ , the probamnty ot chgbein‘, = Ww’: strategy, is defined as
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1
l and fusl systems, but the two may be intermized and similar in generagl
. appeaxance ingide & truck motor. If all paris of the transmission are
(in a treining vehicle) psinted yellow, and all parts of the fuel
s’yaten are painted red, then these color cies are the basis for s
number or nev strategies. The result i{s that the trainee can more
rapidly discrimirvate the two systems.” 45 we see below, he may not be
able te-work on regular trucks afterwards, however,
The Proof of PCint 5 is qg;qt%vg\‘lqwsmplete and elsborate.
Since the arguments are eleMtary‘ thz’msh‘au'& this section, they wiil
" be ziven in relstively sketehy forn, It 15 %0 be understood that each
particular point should be spelled-out in couplete detail,
- 6+ -Qther things equsl, the speed of learning csa be increased by
raiueing digtractions, if this hes the effect of removing scme irrele-
vant strstegies from 8., N
--Proofs  Let the original set of 1m1&mt gtrategiss bs
-called I, snd {he nev .set, sfler, removing distraction, be In ’
and agsvwe that .m(I) < n{f,) .. Then, since obher things arg kept .
equsl, C..® C = C, Honge, L a e oae o wa
!
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Proof: iet Ix be the varieble set of irrelevant strateigtes.
Then th> proportion of relevant strategles is

(7] & = m.‘éé%?_?

—y ——y ey &

MBQO 1.

and substituting the results of Eqs 7T,

= Bince m(C) is e coastant, this Bémns zhét the mesn airort-are propors
ticnal to the measuse irrelevent stirategles.

. Discussion: - Oné application of this iden is to-the schools

| roctif 'when'the childven'arve lively and Eoving sbout, the walls ave -

; eo¥ared with colsFful-and intsresting pbsters) and the dsy:is<full of

| sétivitles, it maat be asiumed that the children are fU)-f ivvelsvant
sSrateclés with respétt: to any. sarticular task they are to work on. -
The result-is-happy éhildsen:with 1ow-learning Yates.. i< -
T Felut T Gtheb-thingstequal;y thesratel ofidsntiing o be: e
. inereascd by ephesiziGe:the: relevant: cved s’ . | i
‘C'f 7 pigsussions By Meiiphakiging” 1w iesnt uslpg ool stimlue, |

/3 B 5 @ Dotntelry 1tilice 4w priht, Color in' € plsture; etiosy Tor thi:
puipde ofF MBI the Tearterts  ehtention &5 belevantivues; ~Tais-
wil), hcrdnie- the' provadd 1ty of Gsing a given corvect atrategy, not
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by addiug new correct strategies, but by changing the sempling proba~
bilities, \

Point 8, Other things equel, the rate of learning can be
Memased by giving the sublzct a useful record of strefirzias he hes
tried, In this wsy, hopefully, the sudject will discard s&'l.l'irrele*vmﬁ
strategies t.ﬁea., #nd after each failure he will have a higher probe-
bility of hitting a correct strategy.
| Digeussicn: If the learner uses the-recsrd 4o eliminete
- strategios he is not sampling with. replacement from u fixed sét S .
The notion of learning by systemstic elimination %hus trenscends
simpie discriminaticne~learning theory.. -

Point 9. Transfer . of training frow e simple diseriminstion
to another occurs. all-or-none,
. Proof;. Csll the tesks A and B , Suppose the subject has
chogen a pmicuj@r strategy s to solve problem A , When given the
first trial of problem I , he presuasdly 3933_‘ tjl;g ‘same strategy o

ifhe can, If 8 is 2also a successful strategy in probiem B , then

he transfers perfectly. ("m")a~ CpiE L L et n s

) ga-ar Ao >.Au St ua L e e *‘““"‘“ LR

N
N

'

New suprose that; ztrateg\ g. ﬁg{gq:aﬁct agpiy é‘iﬁ f{‘pro‘n.Le!:n B at all,
5c tne subject connot use ik, Then he wust begln.sezziing on. problen
” B . Just as 1T ha had no_earlier training. {" cne"). Gt er e
... T8 ooy remainizg poseibility is thes the ,qgaggmcm apply;. .
strategy. .8 v Jprotlen B o but it q,andn to fallure. . After thak failuxe
the smb,jg\%z Fgrasgmb;y Jmusd r{g@mple, and is ggain just like & subject

A TN RIS SR P AT

vith no previous traininmg ("none"),

L
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Point 10, If & subject suffsrs so mich s one failure in. |
transfer, then his expacted futures performence is the seme as if he .
hed no previous treining. = - ' s sy .

« +  Proof, -This:is a simple consegueuce:.of: the @%J.e—nr-none |
transfer idea. A single fsllure s encugh to tell us $hat the suhjest
is not trensferzing "all’. -Hence the transfer smet be none, fram . -

.
i - ~ Al * -
.. T e R A N T L S

“-xo .. Point 11s - The probadility of transfer from 4zsk A. $2 tesk .

B p@lven mastery. °f A , is squal to the souditionsl provebility thab
a strategyy given it is chosen from. €y , is an elsgent of ;G-A-;:ﬂics &

Discussion,; This again is simply. & restatenent: fzcm the\proof
of Ecint 9, - Baaver; it has a useful mathemeticald: point.- a8 follows:.
Congider that the subject had no training thet: ftransferred to Task Aj- -
Task A -is the startiang point, Then the prohebility of transfer to
Tagk B s given by - - o -1 oo

priication of Discriiivation=-Yearning Theore -
R T T, e;mm
“Oledrly; ‘adding & column of numbers or counting the peanies on a
desk &¥S EotEvities qifte different frdn Rrtalimaverrds Tearnings
Hovevdj atNeuEtEeR) Henks day Fedufve abie AutiatTonsy 1 viilch cane’
tie BEMEILI Shervia Ty te rainted 6ot 6f the Werddbles I -
PiscrfutiiiticnTédratig tuoory,

PV I 5 SN Vo~ AN R A, A A YR P AR
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For example, compidsr & child counting pennies. . He must, Zirst,
discriminete the pennies from whatever frrelevant stimuli may be about,
This, in turn, will be easy 1f there are no 2iher confusing objects
about. If no other coins arc present, then mere reuaduess can be used
23 the basis for discrimination, though if: there are dimes in the pile
additional cues of color and size must e employeds This shows how..
by simp)ifying the situation, ‘one can make more strategies relevant,
Sinflarly, if all the coins to be counted are .physically close togzether,
then location can be the vasis of & discrimination of the zet teo ve
counted, During the process of counting; the child must alwsys be sble
to discriminate between the set of coins alveady counted, and those
8till left to be counted, This discrimination mey be greatly aided by
noving the coins from one pile to another, adding new strategies.based
o ~3.ocat:log.

Discriminetion learning theory would also hold that this, and any
othier-discerimtnations. needed, would be easier if -distract ons are ree
névad, 'In-zathematies this mey mean both improving general working
conditions , and also study of the desizn:of questions,.many of.which
include drrelsvant or unnecessaryinformation;.or suggest many inappro-
priete strategies, ‘o R s
o~ The guestion <f transfer-of-treining is the most delicate, : The
allaorenene transfer: thecry arising fiom diserinmination-learning theory

~hpac e &irect ayplication thet ozt be fllustrated y & poasidle pritern
=2 Tailure. { - transfery - .. L S

:»-:mmmnmm;

A\
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A child becomes quite skillful st answering the following soxt of
"Word Problems", "Nemcy is 12, John in 7. Whet is the difference iz
age between Nency and John?® Our child is taught to do this by lise
Yening for the word "difference” .and being told to subtract.

Another problem is given, "Fancy 4s 3 years older then Msry, and
Maxy i3 2 years.older thaz Jain, What s the differsnce iu age bvetwesn
Nancy and Johnt" Using the strategy thet solved the earifer preblen,
the child subtracts; 3 « 2 » 1 , and he offers the .awer that Rency
is ome yesr clder than Jchn,

-In this situation the child has found a strategy that solved
teek A (eny teck in which the difference i3 fovnd Dy subtracting)
but now fails on the new prcblem; in which differences are ziver and
st he e.dvd, In this case. the 0ld.strategy applied but leads to
failure,.

This ;poaaibility illustrates an important chsracteristic of
discrimination-learning theory ard its approach to learning. After a
glven problem 1s mastared, according to discrininstionelearning theory,
ve still do rot nucessarily know what strategy the subject is using.
All ve kmow is that the strategy lie-1s:using, whetever it is, is
8ood encugh to soive this particuler prcble, Therefore, it may cone
83 .2 gurprise to the teacher that the child, having ensvered a whole
ssquence of "difference” problems. correctly suddenly gives a “gtupla®

GuEyeYr 0.2 naw. probliem, %zat this meansds that the esrlier behavior
vas madiated by & strategy not intended bty the teacher,




20

Algoxithms

An algorithm is a recipe for mathematical or other activitles,

including netheds of meking all necessary decisions, If it ig followed
zectly 1t elways terminates, and always yields the correct answer.

Any set of problems thet cen be solved by elgorithms are "sriviel" in

that po intelligence or mathemsticsal insight, e=d no luck, are needed

to golve thenm,

The theory and methods of algorithms are now considered, not
trivial, but quite the contrary, for any problem thet will yield to an
algorithn is "computeble" and cen be handled by & digitel computer,

The general tlecry of algorithms is extremely precisa and formsl,
and not sppropriate for this context, However, some obvious properties
of a:lsorithmg B3y be mentioned o suggest hor & psychological analysis
nay be performed,

An agorithm is a variation or elaboration of a system organized

o8 fOll WS §

% OPERATION (——‘-\

Y TRGT  (REPEAT OPERATION OR EXIT)

_

The pair of parts labelled OPERATION and TEST form a logp, in that the

BXIT ¢

operation may be repeated over and over, A ciapletely closed losp
vould he repested infinitely often, but the TEST step provides & basis

for stopping the algorithm.
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iIn psychologieal prodlems, s certain situaticn is sntered st START,
The stap omambw’ m&iﬁéé ‘the situaticn, and the ctep TEST corresponds

e ‘ meoamnmmand s sae K‘b 2las ansan e —
W

SoEpAAstn U The mew situmticu with s<me ritevrion, Depending

en the reletion of situatiod to this ¢r:l.ter3.on, the algorithm ney
re'burn %o OFEBA‘I’I()N and agein changs %he situationg cr may EXIT from
the algor:!.t&m. o

Notice that che sbove i aimiler :i;o the concept of a TOTE unit
(Test-operate~test=exit) put forvard by Miller, Gelsnter, and Pribram
in their book, Pmus ARD THE $TRUGI°URE OF BE&MIOE% |

It, 53 posaible t0 develop more co:@lex slgorithns by uaing nore
than one operas’:ion, and then inereasing *‘t-he camplexity of the %T to
permit any of several descisioms. A slight complication :!.s_q the follcsw’f.ng

. PN - % . - "~
PR it " o0 . H L
w - m ’ ’ i ' a N c : A ’ h o

OPERATION fi.{a-/" R SSEIRN
¢
- {-amse 1
\ao 0 orEns a
00 %G OPERATION 2~ - "} %Go 16 OFERATION 57
' e I - T e et AR o St B S e ETT,
in which tw? elementm.-y SQTE units are heoked toget%wm in t‘.\a,. namem
M w, s By .
svors the tap wmite ere hosked up tn erallel, Ty may g0 by
Q@O\O‘bﬂd myaveﬁes’ 4s roum: CREREAY U orwga T T m TN
e Arar memibrgds 00 o T hout e L 2N LSl e gV aliiEta
i X4 s oy VHCS e 0T R aSa bl o aman fhah Gl
r AN N ey o o F W w0 ETILOY Y e B S Ssamng
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GO T0 QPERATICN 2.~
EXIT

In this second arrangemsnt, QPERATIO% ]l o= mw i are an optional
? pmmm to OPEHATION 2 == TEST 2, |

Basically, one must always proceed from START ¢O an cpersiion,
apd i;hén after en operaticn thot —ma.y be mle.tive:ly empﬁcaﬁeeg one
mist emergs st a TEST. Tne TEST de  breaching point =t which thess
may be saveral a;iﬁam&emes. Eﬁer? alternative 45 efituar an OBERATION
' or e BXIT, | | | T

I£ the algorithm is to bo finite, §.€; must b§~%m§ thé:é the sysien
§ will m;ays arrive st en EXIT in a fivite nusber of stages.. Thercfore,
there 538t be wo ciosed loops, This In turn mesns thst whersver the
systan gaea iﬁ ms@ alwe.z:,rg ezzcmmzer tests that ma.y dusa it to BXIT,
Furthamm i.a. the sxrs‘ma does uoh ezit, i% mxst go to en GPERATION
or aaries or eyeratiw that change the situstion, and tae change musd
e iu the éireclzion“of vhatewar si%uatiom restits la #n EXIT,

. This mt rem;iremsn‘a is very cmpl&ea*lseé to discuse end evalueis,
. Obviously, it 18 a general descriptica of & compater program that does.
not beng up or go into sn endless loop, end enyoue who has progroumed

T o
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a coaputer knows thet the lozie of a gond progeen mey be axtremely

1 complex, In fact, it is cften much easier t5 rm a rrogran and ind
; cat if it works, then to smelyze it and detexmine its logicel visbility.
In psychological models of algeritbis, e uysten may only be
etoehsaﬁm- finite. . By this preposeeseing statwnent T mean caly
3 this; the system may be in a lcop, returmizg to operatiens aud mot
sxitdvg, eny number of times, However, the chaages in thae situetion,.
3 oF else the ocutcomes of the tests, are probabilistic. There is, on
every sweep through the loop, & non-zero geobebllity of exitingz, and
the probebilities are such thet 48 X INCREASES, THE PRCBABILITY OF
REAAINIHG IN THE LOOP FOR AT ISAST N TIME-WITS APFROACHES ZERO,
l Thus, we czanot set o maxisaga number of triels for the elgorithmic
‘ proceas,; zad sy thet Yor same M , the system sxits by trisl K, A1l
| we can 21 13 that for any prcbubility P hovever small, there exists
é: & aurber of tﬁm‘ﬁepmding upon P, N(P) , such that the probvebility
\ of the system locping as meny as H(F) trials ic less then P .
A carputer progren with this cheracteridtic 4s &lagramsd below:
L1 Eigﬁ;m DIGI? N = 132,3,%,5,6,7,8,9, or 10 !
TEST IF % =1 '

If Y3, EXID

X2 M0, G0 'TO SPATEMENT 1- |

-
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Supposs that ¢z esch 4ry, the probability thet E= 1 is equel to p .
Taen with probadility 1 = p , the system loops. The probability thet
it locps B times i (2.p)7 . Thus 42 eme wishes to be sure, 9 &
probabiiity P = 01 , tnet the gysten will be finlshed by I frisls,
we merely choose eu N sc large thet. L :
- | (pf <0,
Theve alﬁys is ;méh ea N 3 say K. ;&;;ger then 3log ,01 / log (1~p)
will do, since the eriterion wss eguivalent %o
N log (i-p) < 1og .01,
{Note, pleass, that both logarithms ars negative), The ebove ineguality
transforrs to :
E > log {.CL} / log (i~p)

when beth sides ere muzltiplied by the negetive mumber, ifleg(i-p) .

Tek charactaristic of & atochastically-finite system is that the
CPERATIONS need not prozress in a particular "@irectios®™ toward the
result thet produces EXIT.  Instead, the CPERATIONS may perely ssmple
ebeub, producing uo pet improvement, bub with some finite probevility
of arxiving st a satisfying sifustion in one, or & Pinite sevles, of
a‘eeﬁae e g

Clearly, under thsse eipzumstances, one need only thiak of the
OPERATICHATSSI® patrs 8o states of o Morkov Cosin. (ue of tho stetes,
m, is an abrozhing stisle; and there ave no olber ergviic subsets.
Taey ¢ tho systm hea & fimite nuber of siibes, it follews that the
al&éritm 18 stochastically finite.
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The tbove semarks eve smm inrezmal, but sexve to ehetch ¥

the cmmgm betveen algori%m, o ref,geamd 5%@;23 of celeuiatieag
an& tha all-orﬁone h&rning nroeess of discz’imime..m iearniag theory,
m mmm-m *\s,:lr can t;e theusbt of a8 en :msfanee of diserini-

-

mﬁcﬂ" leaming, and on sach pass thromgh that State the subject has a
pmsfbility of 20lving tha problemg in th;ls eace, sains "¢o ‘an BYIT
situzésim. 1P hauﬁs i3 a:u-oz*mn@s, then esck of theve awsystem

SUEE S S

aen ’m thm@% of as ym of & Markov cnain, for tie a.Lpor-none
gr@em is f8entisal, Sn i&a thaoreticel a..gniﬁcaace, w:ltza the 'basic

= N -.

sssumgésim ﬁf 3 sim_p,:,.. %‘mﬁs@s’ &&im
| e:maid&r s ehid aé&,zzz the eolumn of mmbera,

A -

3," QL
R

An algorithe for this prosess 4o ss Zoliows:

GranD E‘in& the 4op navber ¥ sné read it inko stordge X .
¥ perarTow 1: oo mzw *m awther below X . (Bl 4R Y,

; PRSI ¢ .
O VLo 2 PR -

ISEP: 1o there & momher there? e S

TR

If* %a,, @a ts ﬁp@?@%% 2,

12 %o, 0o to Cpereetan 3. Y
JOPERATEON 2: 248 Y %6 X . Call this result X . G0 to

Oxeraticn L.
Wﬁ% 3 ¥ritsdmin X as the spwser. €0 $o EXLT,
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Several comments about this exsmple ave in order. Flrat, 1t 1s

B
i foraally & proper algorithm provided the opersiicas eve dofined, eud
i prclvided thers is & point in the problem et which the TEST will come
ozt "No", that 1s, the child will arﬁve et the end of the colums of
n\nibers.

: I‘B mi.ght be c\b.jected that OPERA‘].‘IOH 2 includes the concept of
ﬂ.,m;;gtvo mmbers » 8nd it is cizevlar tc defin: & algoritim Jor
Mngnmra thg_:g,‘{ Snclug.es ,w&thin it, ;he concspt of adgition, Howe
ev’a;'. it zaxy be ,p.ss;meﬁ,' &t least as an hy‘paﬂ:esis. that the psychclogicai
act: of adding two nuzbers together 13 less than, and different frem,
the act of summing @ vhole colums of zore than 4wo numbers.

A more complete-analyeis of the problem will anclyze thc OPERATIONS
glven sbove into parts. It may be that within & single cperation one
cin £ind s sequénce of steps 1@ tests, The writes sczebimss, vhen
tived, is rather bed et arithmetic, Suppose he must add b %o 37 .
e may put cut four fingers of ene hand, tad ssy to himself "377. Then
ke counts from "37", &t each count folding iz oné OF thé extended
fitigers, d4nd ab euch step checking st there I8 at lsest ome finger
out Wien thare dre mo fliigers, the sun is siubly the 1ast number
said, Taus, “ADD 37 + 4" bocozies 4He foliowing algorithm:
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START
ﬁmﬂ’[‘! 1 ont nihey of Pinmaws sacvashanding to amal Yoy

nurber,
OPERATICH 23 Say the levger muber, N .
' OPERATIOs 3: Incrsment the larger mwwbher F ¢t0 H + 1.
OPERATION h: Pold 3u ome fimger, B -
gms ARE THERE ARY FINGERS GTILL OUTE h T
i If YES, go to OPERATICN 3,
i If §O, go to OPERATICN S,

CPERATION S: er’taa\m'ﬁ. EXI? o

To ynderstond arithwetical calculetiom, it is not sufflicient %o
wmdevstand & child &dding two numbers, By further snelysia, thet .
poogess may be boken dowm izto its compeonents, though we ney 2ind
thet the compuucmts, such 63 cownting on the fingers, are no isnger
used, and the vesult i3 cbiained "dé.reetlg‘f.‘ Heever, we must 2150
syribesize together tha individual acte of adding into & total procsss,
by vhich.the yowg. adul? becones able to &34 & whole cQluly of S-place
dgite by hand, AL necessary., The purpose here in introduging the
ackion of elgorithms ia to permit the synthesie of the paychoisgical .
Proceus by which pithumstic calowlations ave csrrded oud. . . .
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‘Botlos thet the sower of algortthms ‘is ‘that Shey mermit e reune,
ovar, and over, of the camy OFERATION, and thus effect & great ecomoxy,
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in thet vezy complex taske, with lmnén...\ of steps, can be gecmliahed
after the mstez*y@tmlytvoarthrnmm. |

ﬂtmver. if ve wou:s.a retm again and again to a.n OPMION. we
must hm Bome vay of temim.at:lng the procesn, %Mmiso each calou-
hti.og wulé m:fel.r throw the perforp;er into an endiess whirl of
ainless mmsy. | |

mrthemore, nest cmg:lm ealmle:hicaa are not the repeat of
exactly t‘m same cpersticn over and aver, but instead require variations
in wromee depending upen the curreut state of ¢he ealenlatiene

Both in oxder to stup the procsss, =d to g.tve it the neceszary
ﬂ@m&nty, eam 856D iss cmtmuea by o m

Spee&!&s ia p@yehelemeal \kerm5 ) MT is & discrimination., Vhen
the ugmm spscifies & '&est, the sub.jeﬂh auet inspact the situation
zghieh no dodst bes meny izvelevant aspects along with those relevent
%o the elsoziﬁhm) » @A s:ele‘ct from ‘it the essential stimiluz charactors
fstic, Thsm ore of tvé c;r BOYS reséonaes Mt be chﬁsena I% heyppens
ﬁn’b the mpmes are OPERA:HONS rather than simple eaoices, but it
18 still imanible to eonsider the cheice process itsalf by use or
Discrminaticn Iguning Iheory.

.n thta mw it is eonceived that parfo.mnee or an algorithn _
invo:zyel porfmmce of sfevera.l d.tacrminntien problema. Wh@n a child

i

harns an dgorithm. h& qzzt 1earn each of these dia%ﬂmmim. and

“F

lzis tbinty to pertom 'che ccmplex task vrithcut er ', &d vith*ut

4“,\:§ "\);-i‘:"-ba’

\fme mm ( qnttting). t\epends upon his ﬁmia:lon in dise:‘lminmien.

A -,
s y‘

The proportim ar:d ela::!.ty 'or relevant cues, jt.he prepabeney of gorrect

’as?«c’ E R fyi [i)

-
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etrategies, elininetivn of dlstrautions, o%cs; should ai} hevs & zgle
in magtery of algorithmyy end i2%Seultiss msy oPien b sttrivubed e

@&‘i 1!!‘9& 4\9 raand P o HERIR avmocaSortes o nu.&m&unyin“ o
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in sema of our work, ¥ bhove noticed 8 psydhiciosteni grocese thed
emfiiots, in some wuye, with the akove it of @ FHLosivm a2 ke
besiz of caleulsticn, We nctise tiab tho ohild does wob, uwswalliv,
mersly £ind the beginning of o pronlen end 2hew slug elong. siey Wy
| glep, to the cinclusion. If the protien 4s &8 2ll Iong, we usties
that childoen besome worrisd and confused, 28 slthaugh they % b o
the "right track™;  we #ind shes provdess s oftwms P2iled, uch

> W

bacsuse & mistike has besn mads, tut besonys the 118 ihivks he
keve made @ misteke, or thinks he is zot o the right trad,

| Consider, now, that the shilf poricdieslly ¢r conticusily suan &
‘A ’ extrs TEST, aaking 1f his cslculetion do coxming almg in o sedlafordory
weys - Shat crald this mesn? It might oean thet e o818 sﬁ‘m %380s

to ses how much 20 the cxlisulation he hes perforseds; o 39y to swedloh
f how sotn cerbein branches in the process w3l be Teuchsd, smd $o tesh
¢hat he has not gone into an endless "locp™. Thess Would bu checks od
the quality of performance: Experienced corpubier pvsgrasmess yeecguize
/ the use of "teat” sspments shilth svaluate. the progress of the ealoulstion,
end serve to terminats 3 pathologiost deviabion Trom Chis progranzsr's .
fntention. - The child, quite naterallyy performs. such thetks dwdng.
Ope ¥Ry the drogress of thd alporiths o be Sented, 18 by
dividing the tesk into parta, Thls bequives $het the cbild have & i
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geneval idse of She whols tesk, Lrom Peglnning 4o end, and estedilsh

AT

goie 1frevhe 30 9wt be o2%n $ell what past of the procéss i pressut.
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2 othep ww&fﬁg the vhole pesness oust have scae over-glil psréeptual '
oxgrebzttion, By Sorm o (ERTALY, =nd zuet Yo divided inte parts thet
szz Be Giucyiednated: Sush orgipizetion is strdisly reziniscent of- -
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Paioholony Text bouks By actany suth & the Policdngs

Sh o S ou B
in which the clrclss grouy Su%0 paiss, vk peosfaitys 2 Iong dazk
wight by Svided U Soupealiy w8 v vhe besly of dhtsesteristies of
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the gitustices, Tubo soganis, ud this dfvision might ta o coppiderchis
ety T ehnivol 2l Yest 9f the eigovitims. St
7 Dagfenfly . the ohAYE vegaives {1) the skility € compreliend the

- paoklin of ¢ vhole=-ililey 44 dougt, Yequives theb e Louslavies of the
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nyonisn, &b valdy 13 soubs oty sstivitles, bo wletrly Sserininnted,
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OGRS heve led him Zndo bshevior thet om have no besriag oo the
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£2) The childd reauivos some mﬁ;&? Haerivivations patveen puria
of Sk elgorietn, < VieluRa of G visual $Agare nte Yatagc v
| do esT & lon -, Cepands tood dtueriminestos beiwens the purts o the
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In eifing & colum of S-Glglt nwhers, the ild way separate the
prosess. dnko five pavtz, one for each colwmi. This reauires éiserinis
nzdion by pesition, sad wrouningz togsther the nwebera in the flrvst
codusn fram the mubers in the secopd colum, ebe, Tas cblidls locstion
within the progrem e @ vhols is myzawred fren xight to lefl, vhuress
bia’ loostion within & pers is measured fwon (op to bottom, Using such
oues, the child cen alwsys know where ke 12 s1é how raplédly he is pros
gressing,; nd cen compare his present with his part lovetion 20 as to
of adéition may vall be beyoed the capacity of a normal child.

Clearly, thiz thecry implies the exiaisnce of a hierarchy of
diam&tim-'m the $op, dizerimination of typas of problems, and
% the bottom, dlscrizinations of particulsr nuabers, etc. Withia the
present theoretical structure, however, this hierarchy of discriminations
end concepts is given special end particular meaning, and through use
of Discrimination learning Theory, particular quantitative predictions
tacope pousibla. S

-

Method

v N ,_,{?1 " . . i

The gtndies reported ape sttempts to Jesrn the inner arrangement
of dging mathepstios. Yo the yiev adoped, mathematics is (in part) o
uatbes. of 2oiring probliepe, . Nay problens are.goived by & sequence of
WWWQ?M %’t:mq WM# . The. processes studies v-rs (a) counting
or enymezebing sebn, (R} wimplitying coaplex:logicel statements,

pig

(0), addbos. Joves uora, sd (4) melitplying,. e
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In each study we used subjects whc were edle to do the component
tasks quite well, and who had at least ea adeguate ebility at the whole
process. Our aim was 40 study the respomee time of thege tagks, and
sttempt o datermine vhat consumes the time, In addition, we planned
to aiklyxe Eny: errors thet night occur, attempting to determine their
source and therédy further identify the sources of difficulty in the
tasks,

The Wasic syperimentacl design was very simple. A& variety of tasks
wap goastructed, within eack experiment, 8- dssigued that daifferent
dlsorininacions, slightly differént steps: of algorithm; or 2lightly
different over-all pians would be sppropriste. . In adiition, of course,
the ‘particuler materials used and the enswer were varied fron prodlea
to proulen in the set, Thern children -or college. studants. m“; tected
cn the-whole set, Whers possible, adeguete wars-up and pretraining
were given so that there was little trend over triels, and ‘the oxder
of diffarent types of ‘problems wes counterbalmmcedy in an abttempt to
ninimive Bystemstlc effeécts ‘either lesrning or Lfatigue. Since each

‘Bubject was tested on 411 donditions vithin sn experimsnt. diffevences

Observed *E&I& not be attrivuted to differences in adbility.

. & tast session would go through & complete set of materials, all
of which require the seme cperation {e.g., enumeration, addition,
mltiplication, etc.) College students wers teated in the fashicn
usually employed in psychologlical laboratories, being instructed and
pretrained, then tasted in ome or more sessions of about 20 minutes.
Children vere treated with more cars=-s prelinminary period was davoted

L A Y (A
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to establishing repport, and the child's sttention wes ceught before
esch display, ZEach decidion wes made £n an attempt to have a welle

mativated sublact, rasdy for the perticular prehlem, varforn at his

P
best in rapid ealeb,:l,etiono

Th&ra ia a mason to question the use or speed as 8 measure of
eeolculaﬁm parrmance, sinee ef caurse speed is less :lmp@rbant than
.ceuracy. and sheer sucms. However, given ample time college students
and many children can perfom with high accuracy, What they do, of'ten
enough, is repest a calculation over snd "check" tha answer. Rep‘t.tions
are an important part of real-:l.ife calculatisas, but it seems to us
that repet:ltion is a aeparate pr«acess ana ahould be stud:led by itself,
By impos:lns a time pressure, we probably ca.uae& nost subaehts o do
the problen once only. Since errors were infrequent. we nesd song |
other measturs of the difficulty of e problem. and the tine consmna& to
caleulate g8 correct snswer scems satisfactory. Grauted that a subject
can adjust his speed, trading gquickness for eccuracy, but he presumebly
does not Nake thian edjustment separately on problems of alightly
different strvucture, Therefore, whatever his compromise between spsed
end éare may be, we should expect either more errors or mcre time,

provebly bdoth, on difficult than on easy problems,

EKC
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" Hetheaatically, the p?ocesg of «mﬁ%ﬁ%& is fumdamentel %o
aritbioties  Feyoholuzleally, it in ¢ sunsori-ustor chein controlicd
et dvaily stege by & shifting perceptusl organiszatidn.’ Taumoratiol
réguirés & chant {ONE, TWG, THRER, ..:}, & shifting fndicatér responce
{pofrting}, and a yérceptual grouping of chiscts into $hoss clresdy
counted end those s¢ill chewd, The arvaugesent of thidbjects Law,
Lhsopetfeally,; an imporSent effact on the specd end dccusssy of
enumePation, Further analyeis smm" that the sezisi chein of Yehavior,
roquived £ counting & Talviy large et of objects, dwet be 44viisd
{nto parts, and the chjficts grouped iuto correspondivni’ aubssts, Thres
axperfnents show the Pélationship vetween dirasgenent ofF ehjects and
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Tac Procesé of Emmerstion
Mary Beckwith and Premk Restle
Indiane University 1

At the founéatico of epplied svithmetie lies the abiiity to
onuzsrate sots. A bosic procsdurs Jv counting iz 4o chent the numerals
"ORB, TWO, YHREE ...", at each word poiating to one of the objects in
the sst to be comted, The chain ef Indicstor respoases is often
generated free & basic respouse 1ike poluting, by & modification like
mwwiag %0 the right. Then, 12 I is the 1n41cator response apd T is
it vremsPormetion to get 4o the pext objeet, the responses are I ,
BT}, I ieses T(E). The indlestor responses must touch every
&bgect onte sad 8¢S when all the cbjects heve been counted.  This
requives peresptusl ecatvol, o siiding discrimination betwesn the =3t
seopbed, (C) , ané the sut as yet uncounted, (U) . as objects are
shifred fras € %o U it is seen thet at zay stage n , -y yoC, .
vheress I zg‘3.1".:: 4] h
(Rezbin, 1H59s, 1961), is orlered, and yrovides a basis for aimple

« The segquence of sets constitutes u linear array,

massuy sient of distance. Finally, the end of the process of enumeration
mst be precogiized, ususlly by the emptiness of U . We shall zsfer
$0 the eove process as "gimple enumeration”,

Young ohildren-may. fall to yroduce the chant correstiyy but older
svbjects presuisbly hevs difficulty wainly in tho sensori-mosor fompoRsnls
of ‘oouating.. Somy of the Tactors: in sensorienotor sontrod.of emnting
ave ssen visn the sxpsrizienter vavies the. avrangssent of the objoeks
to bs counted. In simple enumeration, if the objects Ue in & strsight
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iine, then the transfomatxon r uhe polnting response T is merely a
mve %0 (aey) the right, and the discriminatmm betwesn f: and U cas
be mads mz,g,-ave to the loeation of the fingsr, 1If the objects are in
a circle, the transtormaﬂ‘m nay agaln be a simpls am.ft. 5 the elock.
wise dimctim, but the discrimination between £ =2nd U becomes nore
d:lfﬁcnlt a8 the gublect &pgrmhes the cr:lgin of his courtings This
my l;_aa;‘to errors, and gm'hags to long delays 1f the stbject starts
overs ‘When the objects o be eounted ace all alike, the cireular
arrsngezent should be very «1:.:?1"1«':!‘\:!:«'.9 though the s ra.gnt iine is not
ai’fecteé. If the objcts differ among themselves, say in shape, thenm
the circular arrangement ‘ah\md become easier, With 2 vectanguicr
arvapgement, agein there is a simple path, sud there zhould be ro
difticulty with the aﬁepping n.le. In auple emmerstion, the rectin=
guliar mmgement bas no great. advantaaes over the atraigat lme, fad
sinee it pr@vmea sone aptimaal paths, neay evm introduce Jelaya.
m_auy the c’aaeets m be seyambled - ammoximtely equelly epaeeé;
Tut in ne p&rtieular pattem. This f@rcss the w‘baect <0 devs.ae & path
through tae sstg he must tzse & cmglez eeqmcs @é' ﬁrmzemtim of
the izdteator reﬁgames a&e’ie ezinea no @ﬁ.ngm eus aistinmahea elemt@
of ¢ frea U tha. aub&eat. must ccastruct em& remeahor cuss as hs

gees alwg.

— -

Sﬁ@le enmratim ;!.s tg@» a co&plote mehalogic&&. deaerigti:m of

i'ah@ pmma 6!’ mmmtim. bccm&e i.t t.akes m ncmmt t' m@ fm

1 'uy 1 6“{ f
WX s, - *

thl% asswbﬁse of éise“ate @Macts &re parceived iza growps. OF
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our emperivents peemit veristion of proxdwity, similerity, ead good
continvetion, The subjeste pyssuzshly porseive the £izld ai‘ chiseis
28 orgenised lfnbs gooums. A nebuesl susation is mthéz these Mﬁ-ﬂgﬂ
have ey function in ccuating.
Puimerating a8 meny as sixtess e«b&aem is & lcug sevial task, and
the subjest mw afgmim %*h@ sagments imtc a convenient nuiler af |
gpalier eabtasks. :® 80, m it is pecsasary o group c?egeﬁ% cone |

vealently ¢o pomdi zepid and accurste e@zm%%@ Por sxampie, if sucCe

Jscts nesd to grouwp <hjecks, the fé@%&g@‘iar eXrrangenRnt
tently better than the straight line.
Blstory of tha Protiea

Although counting Js besic to appiied arithmetic, thore is little
Jiteraturs oF erxperisenisl stuiles dealing with counting. My studies
neve deait with the immediste epprebension of aumber, 8 process ‘suppo‘sed
ot t0 bo msdiated by steps, but to occur instently. Freeman (1922)

" 1,”‘
£ f

get the spem-cf-spprebonsion of circles of n@t st five for edults I
ané f’m for children aver eigat years; younger childmn were mteste.nm.

e ‘

Fornverger {1921) used ran&cm arrengenents of four to m:m dots, and
found thet the raut.im fraq,uencies or correct. mponsen uca m em-»
tinucus ogival runctiw of number of dots shown. correct Judmmtu
vere wade tifty percent of the tm, (Fern‘barger'a muure of visuol
diccrimination), in the range frcm six to elaven dota. Hunter and

iy PR Lo ik '&\‘ REIE

84gler {1950) varied intensity ond duration of pruantuticn of dct.s

“ '*‘..«V o

a3 found thet the usual visual lsvws 'apgned. A

[Kc
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One approach ¢o the apan~of~apprehension idecr is as detection of
e nurber of targeta (Schlosbers, 1948; Casperson and Schlcsberg, 1950
Restie, Rae, and Kiesler, 1961), 11115 approach dsals mainly with pei-
ception of a nurber of dots under short e..,,asures or poor i{llunination,
but may undem:lne “he eomcept ot a "magic number",

Warren (1897) arranged whits squa.res in s vert:lcal .“u.ne en 3 black
background and messured the time uo.ken to eount i'.ham and eoncludod thst
four was the nmit of perceptut\l counting. Bom'd!nn 1908) also used
the mathod of resction time, axnd found & smell | incrsase m tin% es 8
function of number of dots to be eéunted. He judged that seven was
ths liwait of the mmbe} that eoui& be aceuratel& ascerte:tnéd at onc
glance, Saltzmsn and Gmer, (19&8) used ccncentric rings as targets
and decided that ths met:hod of ree.ction t.ze ‘was usef‘ul for the atudy
ot perception of aurber,

vou Szeliski (192h) found that fields of up to six”aots o;' figures
could be perceived nuheuu sre movensat, "...gegg Reese, and Reese (1950)
tsed fields of up to 2‘9 act, 2d fournd that errors u.;.geared ﬂrat in
eleven Jot ficlds and become mre freqmt 1n wger ﬁelds. Aﬁer six
dots, the plcr. of reasSion time aga.'lust nunber of dots becoms OX'w

,\n-

—-.

m thi %, -?enaam, Resse, ond Beesa ccneluded tha.t the. su’baects uubitiza

e

up to ﬁ.ve or s:l:: dclza.
m?a: «10 519 atudiod Judgmenta or numercmnesa (thoug'at ot aa a

T o I R D S5

..'B,mlub van\able uke lomlness) ® :iad 'bel&evea 'chat two machenium were

L ~

mVOIVng one uued fcr up to se?en dots, thé athér ror iai'ger ﬂ.élda.

.
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Ee found thet judged mumerousress was decressed if the dots were srranged
into & single figure, for exsmple, a circle, Kaufman, lord, Reese, and
Veikmen {2049) also suggested two sepsrate diseriminstory mechanisma;
one acting for up to six doss, the other for larger collseilons.

A1l of these studies concentrate upon rapid apprehrensicn or Juig-
ment of muzber, aud ars cast in a theoretical framework dresm from
peveaption, Vuch effort has gome. inte determining the -nusber of things
thet can be epprehended st & single glence, even though civilized adults
do not count at & glance nor do civilized chilires.

In sumary, two main methods of studying enumeratica are the
techistoscopic, in vhich o dsplay is briefly displayed and jJudged, and
ths reaciion-time experiment, in which the naterial is displeyed com=-
tinuously but the subject respords as quickly ez possibie. Both methods
eYe perceptual in character, though the reaction~tine method perzits
some nore camplex methods of enumeration to occur, The main question:
nes Loen, vhe%.!,s the maximum nuzber of Aotz that cen be perceived st
& gianes, This nupker has been estimuted from sbout foun to seven,
and clesrly depends upon the aubjects snd the displey used.

It iz aneging thset alihough everyone knows that objects are
enunsratad by counting, most stuiies of spueeration or the Judmuent or
nuher have attarpted to Fuls oub.counting and ensure that ondy the .
primitive wethod of gressing is exployed Clessical. psychologicad -
theory sasumes thel perception is e besis.end simple process frcm-which
other, more.couplex coguitious.ave to:-be-farived; furthermors, the tausk
of experimental psychology is to ansiyze compound experiemces into thelr
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alemen*as. Pouawinr ‘aheae teaets. the pmeus of caunting is re:mee&
to its e}.mnts,, perception ot mmibers, and no eftort iy expend‘eﬁ :?.n
syg._m.ai zinz the process or cmmtinge ’

, ‘nm experimn*s repor%d below have a diffevent coneept of
enuneration, First, we assume 'bhat em:mmtim is a ccnpo.md tesk,
but tha.t the tm and mtemm atrac‘mre ef the task 3.8 fmmd ao&s
by ena]yaia into bita. but by datem!.n:lns how e pexrts gO toaethero
.Beconé: ;re asmme that pemepbicn of sma.‘u nmbem LAY be & sk.all
dﬁea.ape& by m&lts, -3 aort of ahorh-mt to wm@iag. r5Zher than &n
elegentury mntal event. 'mrmxgheut, ve sheul use the z‘ea&t oo=time

sethed. 'S!ze aub.aeet is instmcteé to enmrs‘se ss gquickly a3 posaible.
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Hethod
Sub em&;s ‘ﬂse ﬁrst of thase experlmts d&sé @imaea atudenis

m.>~.,

; m e m@a@a cit«,;se in t&m sumer of 196%, 10 ?aog?a a.tzﬁ 8 giz*iss,
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Buch ca.rﬁ vas m'esented Zist on the ‘&a?aﬁ.ee9 ﬁim ghd a:m:aﬂ vizh en
almig& gmal o o8 .Jméla vhich was valsad at eac&. trial %e &iezsw
the cm @am aim..ltmmlg & standard '&imze wos eBzayd. Ra@gmm
sad J?éfbency of response were %éeéré@a. Rach cﬁii&*& 85%‘@@&%1@3’% ves
ettractad befors each triel, Time wes s:gen% geiaing '&E@ a%m&im PoL)
esaperatﬁm csf ageh emmg wle amwﬁat zm'e i’m instm&ﬁ,m wers
sim to the c@lleg@ studants. |

@g 5 ~tal Da ﬁ__@_ﬁ.& 'E&ch m&gct em%e& ﬁiﬁ ab:}egts & forty
st“mzm ‘cards vhich were pmamed in adi ffemﬁ mm erday For
em sumeé'%s ?i@'& of th@ae vere ﬁll@?s meﬂs& ta zeke %the .
ye@taé mgatenee of esrtuia mm*here less ﬁ'sw'@wﬂ

Virdbles vere |

- 2) maber of abgeeﬁa 16 be counted

"b} wfmgmnt of c%.:ﬁee:ta, iincs, cimle, rect@giag serabled

8} a‘.?; ijeeﬁm tﬁe sama shapﬁ ar &4 zfexssa anaw.

Eee@;ga @f fhe “en*bangum? az"mgamts ,; zamers vi.th '&% fe,ir.‘x equel
faetors wive empicyea - i&,{;‘;g 16 az:;@. ¢ Fiﬁez* earés had 5, 9, 16,
119 1.;, ih or 17 abaeei%c %f@c% wars agaa@d a&mu% aiﬁ Laeh apert,
wiﬁh the aﬁmg&m lise b@mé g&?ﬁ&@h‘t&. &a@, the rectmglm ‘bei.ng !m'i,
se3, hxk, and 5&3; mﬁsﬁa m 8 card vere either a.u the seme ehape or

alvided egual“...w @m&g ﬁq,wg ci,rcies, 38%%1&& triangles, and tear=

=% Tar sl
.":‘;‘,;-;:;‘"‘ “ . R ;Jx.l)~c4

drep sh@mr ‘Ihe cﬁ.r‘-le”s dexater woa 1!2 1n¢h, wii:h 21l cther figurea
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Results: Most children smployed pointing snd cheanting, though
sctie counted silently end sometimes without pointing; while college

abidands dsmbtad ol lantly . coossionally pointing. All children counted

VUMW VIF wWeme W -y ; =

all asplays waking 106 exrovs out of 576 counts = 18.4 percent errow,
with & mesn time of .60 sescnds per ovject, The college students
averaged ,30 seconds per ctfect, and made only 11,6 peyvcent -errors.

larger sets of objécts took -longer ¢to count for hoth groups.
Linear equetions fit goth sets of dsta well, being % = 0.75(N-3) '€ur
the chiidren and T = 0,35(N<2) Tor the college studemts, yheve  is
s mean resction time in seconds end N is the nunbhar a£~§bjeab3 +0 be
counted, Sised no measurements were teken with small numbers of
ob.jeéta, we heve nc reason 6 ﬁeﬁevé the straight line zsy be extra-
polated hack without curving. - (See Jensen, ste alsy 1850)

! Qbject arvingenent infliences toth groups® response latencies,
with the saiidren cousting the rectansuler ervey most vapldly; then
the line; the ofircle, ead e sorarbied serengenondy in thab. evder,
Tho propérticus of crrors fob the-children weret roctsagle, «097s dlasz,
.10hs chele, 2155 snd sepakble, 4326, thus showing the-scrsabled
arrangement most A1IELMIL botk in time end errows. - Fow colluge
students, therd wey 1ltsle Giffevence betweon llimsy cireley 2né
-gopanbic; tub - the m%ngulw array was much fester.

Dissuspion s The Fastityrporn.to show & §ifforance detworn. child-
et aid ebileze EhufEnta® wal of apa:ziak aYTARZeont. mzam nay
s boatiel wtipennt o get o simle orderitl of The shimll, while
- BeiYoes BLUTNNES sed 0 weke spoeisl vEe ol the YOTREAEMIGE EXTAYy o

RGN S L
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presumebly by uoing mulsipiiceSion. The children mey not meltiply
faster than they ewmmerats or they msy nob heve yet learaed %o apply

+ha A ngast  sP me‘!&n&m‘lann&dm b bhdn o o
WTRTI LI W TR AT W yasﬁvwvmm VWY Wil RdeVEWULWRS

When they cennot mulilply, collsge gtudents and perheaps children
my divide the get of ohjevis, possibly by perceptual principlen of
grouping, iato sueller subamets, snumarate the subseis, thdn add the
aumheys. Sets of Up to five of six wey b subitized by skilled adult
subjects, Celculstion speed shcuid depend upon convenlepds of grouping,
enumeation, end addition, Nactangular avreys enfor:s & convenlent
subdivieion which permits several simultencous emuierstions.

\ S .
i e e .

Insert Tableas 1 and 2 about heve

14
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Indecd, both groups econsistently count the rectangulad arbuy rapidly,
tut for the college students the array of sixteen objects is especisliy
fast, This avray wes bxh and previcus informul cbservetiens have
ghown that older children, end presumsbiy éollege studsnts’ave Paster
et égu&ring tem et obher sulsipileations, Sats of #ivteen sie not
counbad unksually vepidly in other arvengements, or iu suy arrengement
't);y gmmg children, so'there is reason to belleva that the edvaniege
Les in multﬁgli@am@.

fmad AN e .
% A oy

I ey, &lsw be zmtﬁngﬂ @hm’. rea%aagmlar arrays ars aounied wore
a'a@id:)y ;t m th@ a@jaa’m m ?h@ seme, wmrqw with eimumr and
lixear mangwanﬁs, ccrwat:!mg is Oantar with ddffevent cﬁzaecﬁw Regw

tansular syrangonent enforces & clear grouping on thy set; &iffeventiatien
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of figures oculy compates with this grouping., Spatiazl grouping is move
dfficult vwith straight lines snd circles, and subjects moy use dise
similarities among figures to provide the; necessary groupings,

Experiment III
In the ﬁrst two experimentz,only positioa and ahape of the Obe
Jects were varied. In the third experiment, color variation is alao

v,.

used so0 as to estebl:lsh alterna.tive perceptua.l graup:lngs.

The gweral desisn of this experiment ig !-ased upcn earlier stud:les
of addwv:;ty of cues in cue-leaming (Bcume ana Restle, 1959, Bower
and Tre’baseo, ..961; Restles -.955. 19593. 1962; 'l‘ra.besso, 1960. 1963): |

T S e

v R

In such experiments severa.l problems are constructed usins tvo or more

dimensicns. One greup maw lea.rn to elaseify drmring' based on their

l

ahape, d:.sregarding color. Another group may claesify drewings using

'f"*'av.

c:clor, disregarding shape. A third grcup learns a. classiﬁcetion in
vhich color ama sha.pe are rem\ndam, vxhich is easier than the ether

t x'

two (aﬁ.ﬂiﬁivity of cues) . severel mathematical medels of eue 1earning

have given qumtitative preaictions or lea.mi.ng speed 'based on fhe
A L PP
mmber of recmndant relevant cues s the number of irrelevant eues, a.nd
‘bhe weishts and strengths of such cues. -
Mothod . ., - 0o . oot oo D bl gy

- Subjecta: « 2k college: students; aged:butween: 17 andv20, f¥on an -
in’kmmletory paychology clésas - - = ol ;u_*s:s.» ERY LA e v
. Appexatus snd P cuedure' Thede were fdentivalvith: Experiment ‘Lo
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. Melerinls and Design: Thirty displeys, cach consisting of & col-
isctior of shapes cut from construction paper end pasted to 8 1/2 x 11
sheets of white paper. The shepes wers fowr colora; bUrick red, Alr
Ferce blue, dighi blue-green, and light violsi, They were four shapes;
eirele, sauers, triangla, and parrallelogram. Test items had 12, 15, 16,
17, and .9 figuwas, and five filler presentations. In Condition 1,
Color and Shepe, the four colors and shapes were segregated, so that one
section of the figure was ell blue squaxes, for example, ancther part
red circle, etc. In Ccndition 2, Color, the four colors were segregeted
but the shapes were scattered randmiy over the field, In Conditiom 3,
Shape., the four shapes were segregated but. the colors were scattered
randomly over the field, In Comdition b, Ambiguous, both the four colors
end the four shepes were segregeted, but differently, so thet the four
circles might be half blue and helf red., and of the three trisngles,
two might be rad; end one violet, ete, In Condition 3, Remdom, both
color and shape were scattered independently and randomly over the field.

thesis: If rapid counting, in the college student, depends
upon grouping the field of chiects, then Condition 1, having a étrong
percyptual orgemizetion based on eclor.and shepe should be counted most
zapidly. Coonditions 2 and 3, heving color and shepe arrangements
respectively, should provide estimates of the ‘rela'bive grouping valus
of the two dimensicms, Comditlen b glves the gubject two cqntliéting;
nodes of orgenization. If cue nmode is much stronger than the other,
the conditicm should be about a3 Lant as the cendition employing only
the strong verisbie, Rearly squal v,arigblgs pght lead to instability
o mimg; paxhaps foreing the supject to atart over in hls combing.

fondision 5, having ne principis of growping aveliable, should lesd 6o
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counting rates close to those observed in Experiment 11, scrambled
mwé&ments for college students. '

Results: Time to count was & linear ﬁnctim of total number of
;j; objests. The results here are very close to those obtsined with coilege
| students for the scrambled conditioc in Ezperiment II., This indicates
Q tha} the general findings are probebly quite stable with successive
? samples fror this pool 2f subjects.

AP PR SR IR SN - SO Ty E e o

- Insext Table 3 ebout here

ST YA 30 RGN TDADES DS B AR SRS ARIR SRAP ISR

As predicted, the Color & Shape condition i{s counted fastest,
N Conditien 2, Color culy, is elmost es fast, and Condition 3, Skape, is
slower, s¢ it eppears that color is a.’much more effective dimension
' than shepe in this experiment, This agrees with many experimental
studies comparing the two variables ,’ veried approximately ss in this
1 experiment. |
In these deta, shepe segregation nas littie e.dvanta.gg over random,
Cm&ition 5« Therefore, 1t is ;»rediptgble that the ambiguous comdition,
having one strong (color) and ome veryys‘eelak gshapg) organizing varisble
in céﬁpetition, '.fgnld e almocst as fast as color alone, HNotics that
;”i it is faster fha.n shape (Comdition 3) a-' 4nndcm (Cmaitim; 5), though
s suall effect of sha.pe is found in the fact thot Condition % 1s siew
than Cmditions l or 2, } ' ,
ﬂn a.nalysis of va.riance showed that both the numoer of Qbjects

and the five conditions produce signiﬁ.cant. (P<.01) s effects on

P — - it ateitin S srx N TAeAS v SRR U — -y ry
.




47

spead of counbting. These vesuits sateblish thet repid coupting depends
upta grouping the meterial 2nte subgroups. It is probeble theb the
qubjeche megregated the whela displey into wolor groups, “subitiz=ed”
the nuzber iu sach gorup, 2nd then added these nukbers 4o ovtain the
resulss Tlhem A0 5&@& grouping was possibie, the subjaciy ves forced e
rely ¢ & re;a;%veky &ifPieult and ambiguons groupling by positiom, or
%o eount ¢ne by @éeo

- Disevegion: The expariments reﬁ;@rteﬁ. abeve shcw thet in eounbivg.
the get of objects iz grouped pexce;gﬁgu@ny, in aceord with Wertheimer's
sules of propiaguity, sood centimmatien, end sinilarity. This grouping
then ssEves as a support or basis for eoonting, in thet the subject
perforns his ecunting operetion within groups, and then in some feshion
connects the various partisl counts. One hypothesis is theb college
students subitize within each group, that is, determine the pumber by
s somevash mysterious but very rapid and accurate "perceptual” methed.
e subject might colleet such numbers ead add them at the end, or
might subitize eachb group end add the result to & ruming total.

The fect thet fairly young children show great aensitivity to the
orgenization of the visuél £ield, as shown in Experiuent 1, suggests
thet grouping mey pley & more geperal role in counting. That is, even
when a ckild is emmerat:ﬂ.ngl one by one, he mey work repidly end
routinely witain one group, then pause and consolidete or "store” his
result in scme way, and then attack the nexb graup. The pausing, aad
the sbility to divi&e the t.aak into suita:bie 'pa.rtn, i3 possibly &

generally importent part ¢? & long serial tesk,
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Experiment IX
REDUCING COMPLEX LOGIC EXPRESSIONS

At the foundation of all 1og1§ and methematics is the simple
sententi¢l calculus or loglc of propositions. It begins with whole
eemte;ncesg unana]yzgd. which may be true or false, and bullds and
anaJ#zes conpound sentences, Compound sentences are built from simple
or atomic ones by use of the comnectives AND 4, OR , NOT , and some
cptional, ones,

A characteristic of sententisl logiec is that one can comstruct very
coumplex combinations of true end false sentences, and then step-by step
reduce then %o atémc forme either T or F , The process is to find
the innermest parenthesss, and reduce the innermost §entenée using the
truth ’mm. ' .

Tnis procesr wae studied in detall, In order to improve the per-
coptual situation, we used aot cmventiona; perentheses, but loops
drave entively arvound the expressidn, forming concentric eggse Thus,
Pinding the inpermost parentheses did not require counting perentheses,
but werely f£iading the bull's eye.

Further to nake the pivblen @Wa experinenters presentad it step=
by-steRs 86 fthat swintitutions oand sliwaye covrect substitutiocns were
actually ém@m 2o “mg puhia0ts. Meagm time per stepr a3 & Quuction of
the sia%z ;?f ‘_%;Ess cm% 'dizsapwg the a o. bitubkicn So be mede, sad stege
of ﬁé@@tﬂ,g@ WS ma;md £ o ie@nmage shuderte in & special swmer

reRding 02883,



METHOD

Each of two wonan Graduate students in the Department of Psychology
at- Indiana University served as experimenters, SubjJects were children,
8=-15 years cld, enrolled in a remedial reeding program at the University
School, Biomingion, Indians,
Designs Each ¢child was {ested om 5. problems, four each of lengths
18 steps. A permmtation of the eight lengths was given, then another
and enother until four perzutations had beer administered, so 1t is
nséural to divide training into four stages,

Eech problem consisted of one or more stages, A stage consisted
of finding the central parentheses in the given display, end noting
its contents, The comtente could be C-C , CW , WeC , or WoW : or
C%C , CW , WEC , or WW , The chlld was then to announce the core
rect substitution, shown to hinm end available on & separate card, The
correct substitutions were C for CCJ CW , Wl , and C% , The
correct substitution wag W for WeW , CN1 , WO , and WW ,

An interpretation of the stimuli, to give structure to the sxperi-

menty 15 this, Iet C Ve & true sentence, and W & false one.

Tet ¢ be the ccunective “"OR" , and # be "ANDY . Then the above
"gubstitutions” ere merely the truth table for these comnactives.,

Tee particuler substitutions to be made vere countervalenced over
the lengihe of ths stimlus cxpressions and over stages of practice,
To serompiish thia,,fwr a:lrftar&ﬁé sets of stimuli (displays from size
1 %o 8) ware prepared. Tasse vers permuted independently for each

subjact, and them the four diiferant sets were given in different orders
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The min :mlm of the oxperiment vas %o dsternion 4f the Aifficulty
| of & 2tep dcpm&e upom the complexity of the display or the aize of

| the problom» Um’crtwﬁelyl the fmpoztence of the CW and C.C
.__# Adsploys w: aot mm&mw mmcs.eaed at the time of the davign of
mwmmm The vesult in thet different sizes of &ispley atteared,
: ’am-an. with yespest to the proportion of c-w verzus C-C diepleys,
é— . mm re asea 'gsan ‘.'.i-.'.e, gz o fuetion of display sizs, Showe & 28w
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y ‘ ‘ Insert Fig. 23 ebawt here

K Uafortunstely, because of the desim prebiess, this experiment

o gives mperfoct fuformatien sbout 1ts mein questlon, ths effects of the
‘ iize of ttw &iép?.@'. ¥z neve only the informstion that very largs dise

pleys seed %o clow the childven down slightly,

g Ths w:.‘in chwervetias, in these dzta, 13 that the subjects more

_, ‘ rtpiﬁy mﬂti‘bu‘be ¢ for C<C snd C% {uen for L'W and WG ,
B m& 80 tarth. The rateon £or this dscrepancy is rair:iy covious, it
;.‘i w esoume that the children use very simple otrategies to remenmber the
i M and Y-ﬁ substitutlions, Howeve&', these simpln stracegies are not
B m :103!,6&1. m systen ve uzed d4id not ineluds negaiion, tut it seems
5 Fécheble thet our children, using their quick and eizple stratey,

“* mmm neke ﬁ*rm“bo@uehsiw&s W'ﬂ' o Vieve isiacd ez
wms&ﬁm mg,u. Thot zs. 'ﬂh&u we have letrned is that i you use only
S @ &g@aem‘mmém ovexsiuplified logic, the child very probebly does

_, m 2o logic 8% all, but finds sone sizmpler wey %o solve your simple
X prcblems, Such "short cuts” ere ruled ont in the totel logicel or

30 mhmucﬁ syeten, but when wo plok iy a small pard of the syatem
for OW ve nceidagtally may meke othar cues »elevant, and 0 heppen 4o
:e’ maks improper’ strotegles dorrest. Inthis exporiment, iy time the

A ' child sew two Vs tsgethar, hc eoulfs make bl s_*_@qtiﬁstim L

Thet 13 nok \.cmn% Ws*@w in a mnré %ue mg!.e usivg negitios,
tut ig o correst end very efficient stutegy for ousr subeprodles,
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b .5 Perkape mory shriking ds the rolativelr anmall sffect of the elis,

s - of the-disrley:: We nxpecked & Jars and. poesstul «ffect of #igo of

e d3apieve vhy epparamtiy:nsing "boxes” o closed loop perentheses is
I tramndozly eesisy for she children then the usvel arszogement. For

Sencustration, nctice tho appearsnce of the sycond of the Bight-Lomponent
a1splays, written in the ugual parenthosis notation. |

WG ((wo( (W ((WeC)2C) W)} jC)}
Tt seems to the writer thst such e prcblex. should be tremendously
&iffienlt for the childe-the iznermcet parentheses ere not thet easy 0

find, However, since no contzol experiment with conventicnal parentheses
ks been run, we cannot comclude thet the encircling parcutheses ave ,”
valueble, We can, however, cbaervs thet the diffieulty of such pro- ‘
. - blems does mot ssex to depesd strongly om the size of the problem, if |
. the eacircling parentheses ard used. \ | | g
Thie 1&31:' point may be of sume convenience sad use to the instruc- NG
K tor of elemeniary logic, especially when it is ta{:@t in %he lower ?
grodes,  The indication is thet children can rapldly leavn routine

siuplifications of very lavge cxpressions, This might turn out to be ‘

& ussful vy to overcezms the fear of a large syzbolic expreasion that
580 ofben &ppeaxs apong college students, E
; Aypersatiy, & large smoun of the tims in this exporiment wes ‘
ﬁ\ used, not 2inding the center of She Alapley, but looking vp the sudw 9
\9 - gtituticas, The Jearning cuzve shovs the progress of learning o2 whe {é;
trath tenlemenctice that progress is relstively slow end tae students E
sve ot41Y Soproviang consideredly after the £irst vhole sequencs, in ’
" d
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ADBITION OF
.0 Toosdd Javes muebers, - the subject must mive the the rightemost
dgiin, 835 theny write the:zecond diglt of the susver. "cerry” the
Llent Qlelty and-move oie step to the 1xft. 12 he hes resched the erd

of the-nugben:-he vriter dom the mmbar He has cerried: Otherwiso he-

e
s W
-
v

C. ‘- P
- A A A O
W0 LARGE NUMBERS
& (4

SRR SN 2

[}
.l
a3 oot s P Aaatotatessw

8%is 1%-60:tho Sun Of the twommbers fa that eolwm, =

o The pruoess can be disgrummed as Lollows: -

START

A 2 N
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N
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Y
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-4y , ~,
M - o -

e

: . .. (Gomconw §
R o T Y HEGHTMOBY?)

- a7 P ADD WO (ORMOREY |- - - T
ADD NGMBER | FUIBERS |
CARRIED ¢ - 1 B

vy Y

Laman ) ~

’F«n SEERCRNVE [ YRITE m-.\w EATAE VI X FESU e s
DIATT OF ANSWER >| CARRY LEFT=NOST
£ 7l eIN COLUM A e o heemgpeeeses
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Tho poycholiorien] precess oy Glvergs fiom thot of ke elserithn ~ ’
) ¢> progran lloted ehove, In that the chiid edding o large nwomder vay . :*/i
p¥cd ¥ crgapizs the tusk into parts larger thn parsiculer coluwna,
This would be reminiscent of the findings of Exp, I on counting, thet /(
& set,- S0 be counted acoiatsly and fash, must de dapshle of being /
orgsnizsd into parts, \
In the present stulles, designed and cerrded out by Miss Penelops
Petercon in the cummer of 1965, the task wos divided up % imserting o '
cclhun of geros in the problem, Coneider the preblenm ’g
8ro9koTho
+6L2680860
ard na‘bice that the £Sro columns aem as resta; they permit the sibe 1\:
. Joct to write dom the diglt being carried, and o begln the next
] column with nothing carried. i
The problem givm above can ko Ntten 2.n nore gaaefe..'i Tefizs as
- +xx0xx0xx) - ‘
viere x 1is always a digit greater then mexo. In the probless used, ;
the two digits above ome another aiways added up %o more than 10, 8¢ -
the!. & 1 1is always carrisd except at 0O =2darhse, .
~ The ain was to determine how the subjsct werked ca such probiemsy 5
measuring errors ueds, whera in the algoritim the errcr seemed to oscur, =

aqd the time to sclution of the problem, v vl e
- Mere iavpsction of the &igorithinm leads 1o the supposition that
(a) rLerger numbers shewld take longed, aid this timy should ve

razhly wroporticnal to the length of the mumbians i dtefee
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{3} Z=roe-solimas shoudd spesd $he precess slace thews 32 @o
a2hitios oty o 8% stop, 728 ne &gtt $o carry the nexl colum,
Bevover, oincs swsthlns asust B writhal dobm sl tho 2ove B0 T st

eoiumn iy sequives, o lezs., .ero-columes should requive some Yima.

.-+ . I sEgition, our 1Qeas avout orgeonlestion .F the task weuld ouggest

2hat {athodtcing voro colimms wight kot Galy F=duce The sverege peds
Tosmesite by Introducing a festsr operation, bub &ight also arsed the -
sther rolusms--3b 1east, & 1oug usbrokes ssgueney of sé&liticons without

5 zoro cotvmm any 1cad Lo vary long delsys sxd dsruptions.
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Method

mo . ACHUEaE 60 12 problem-structurcs. vere zenarated, as follows:
cf- e e - Teble 1y Problen Staucture:

ol Yeoblew Natber - (0 Btructurs
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He2ics tuot Shoso probloss eve of laagth by O, o 18, Prodless 1, b, %
snd © give blocks of four nusbors coporated by cores. Prodisms 2, 5, Eé
end 10 givs hlocks of two nurbers so divided. TResc 6lx predisms con- E
stitute the prcblens thet cve divided, by zeros, into sizes of sub« 8
problema that ove 1iksly o be moat cfficlent. Probioms 3 and 7 are
uwdivided, and provia 8§ is divided into. tm blocks of leagth C.
Finelly, Problem € has cight miumbers and @ {0 , but the 0 s 30 near ”
the eﬁd & not %0 di?iﬁe tne proviem imto ccavenlend pieces. Taersfcrs,
itis e c@»«wl o Graup h, shes “J.’SO hes eight numbers snd 5 0 , but :;-e
is &ivided in half, milany, Problen 11 is a comtrol sgalast 8§, &ad
P*ab;bam 12 is & control sgainat 9: in each case the control has the 9‘
saxe number of Os end pyrbers, but the Cs ars not placed s8¢ &8 %o 3:
divide the probler into equal-sized snd convenient parte, »
A sctal of 12 schoel chi...ﬁren, rea.d.ing problems attending Univeraity
School i bioom.nstcn, Indisne, vore testad. Siz €3 were szss 10-12, \
and the other six wera 13-15. Fach child vas tested gepsraieldy in a
testing cubicis, face to facz with E . The axverimenter showed the =
probien printed large on & ditso paper. and the subject worked Sirectly
on thet pecblen. Tining was with & Standavd Timer In seconds. &
Each step of ths child's work was followed by E , who noted ”

vaether the child started corzectly, added the numbers, wrote down t!zg
unitls algit, cairied any value in the ten®s place, end then shifted to
the next column, Al 'éi'rord“\*%ré re‘t‘:ordea; and lbcated in the algos.

ritimic schemo 47 possibis, st the time thuy were commiieds
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Teo Guolve prodlem-Utypss were given in o latineoquore order, ous

oelzz %9 cotn of ¢he 12 cubjocto.

¢
*
*

Dagals

5 Table 2 sto.m_m the problens, the meen time co solntion of each Gype
of problam, and the mesn errors, boih rde yamger (1¢-12) s0d odder
(13-1‘5) children, Ta order to meke the rejmticuships essier to see,
tﬁe mean t"m?,, to completo qa:ch problen has been diy;l_&e_g& by the aumber

o colume in the problem, since esch 20lumn of the sdditicm probvlem i
& cingle cycle through the algomithm. Uhus, 1f all problers were

equally &lfficult execept for their lengihs, aad tine aid error were
thgx«e:cm proportional $0 leagth of the problem; ell values in the talle
weuld be equal.

W@
‘ Tebie 2

Maan Time Per Colunn, end Mesn Brrors Per Columa

&

mﬁdﬂm / | Tl

- 9.3 | 280 | 3.8 [0.08
B 52 | 0.3 | 29 §o.0
3, X 5.0 0.00 | k.3 1 0,02
%o xxBRIAXRX g.6 1 o1 | L | 0.0k
So WADEKOXXD C 9T 17007 | 35 | 6.6

008 | i 1 0.ts
0.1l | 3.2 | 0.2
B X R
e0n | bs | ook
0,65 | 3.5 | 0,03
0,08 | L6 | 0.05
0,65 | U3 0.05
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Pron Tcble 2 we se2 thet, in gemeral, tho younger chiidren oppead
to hova shown ths effocts of grouping end the clder shildrea Gid not.

Consider the follcwing control pairs. Pr;:blems L end 6 hsve the
sime distrivution, £ numbers and a sinzls 0, Prcblen 4 45 divided in
balf, Prcblem 6 i¢ out ncer the end, ¥or the younger children, the
leen times are 9.6 and 10.5, in Pavor of the better divieion, The
5ldsr children gave mean timss of L.1 versus 4,1, no difference.

Problem & gives 10 nurbers divided by & single gerc in the midlle, .
Broblem 21 has its sinsie zero near the end, Mean times for younger
shiidren vers 10.1 versus 11,2, The older children show times 4.7
versus b.6, & 3light edvantage for the less-wellworgsnizad prouietm.

Problens § and 12 heve three 08 .'m 19 colums, dividing into
tlocks ef foui numbers or clusierad near the ends, The yiungsr child-
1ven show times of 9..3 verous ¢.8, vhereas tha older chiliren show mesus
of 4.3 for both problems.

Thus, in %1l three cases, the youmger childsen do the more evenly
divided provlex in froem 5 to 10 percent less time, Wusrsas the oller
caildray show no dlfference as great as 2 percent between comparsble
exsporienta). and contis) prodiers,

Reraver. the masn tine per colum dces not vary over a very vide
rvange 83 cn? goes 4down the columps, end this shows that the mesd tm
30 solve such &n uddition probis iy roughly proporitionel ¢o the nwber
of steps in “he prublus,

In Espectment T 3 coussing, we found thet larger wsedlies took

anw time pec ftem in tiv yrocess of cnumerstion. Tho eame thing

. & ” o S— T 3 T o g ol % .
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heypenad dn Bxpsoldreat III on sdditicn, for tho nsaa ¢ime per coium
becsme higher with move columns, The enly uneontesinated caugerisca

. is Wm p:ovm With 00 TOTO COLUERSe IAS FSSUALS 2T ahowm 3
, 2
e

T\‘_N,\ F:lg. LN

AR INES ADRP UDNS TN 0 20 SN TN

"‘:"»’ g P

Inau-t Fi@a 1 aﬁm hers

oot i

@ . As uore garcs era> introduced into a problam, the tiwe shortens
as e namzﬁ nincaim or thea munber of seros, This relationship is

. showm in Pig. 2.

"’ Insert Fig. 2 ebout here

"L »
. B : mwmmw ;\” et
\@ ¥ ﬁmeully‘ sresking, this mam that the $idie taxea <o a.ad. 107 0)
ff B mgq mﬁaﬁa :l. .\'.,Wortimal so ths nunbey of digits invoived,
\ ' except thet, m subject is siigntly slower with larger nwders. Zero
0.

columny speed gtha prosess, teking only sbout 1.2 sec. per column, a3

o B
SV
frt-:;;t) e

compared with othar pumber puirs that consume sbout 4.5 sec./ecolwmn,
M for oldsy widren. For the oldsr children, 3% does not matter whoere

o the zoros ave Tut. '
y The younger chndren ahe%r a amhat diffemt pshtern. As pene

i tioned whove, dlviding tha prc%la mto aﬁbs(
. colums separated by m. mw to h'alp the mmr children, As is

Y seen in Mgure 2, younger chﬂm mo sna*‘** facrsage in tixme elnoet
proporticaal o the langth of ths problem, with & elight slowing o2 th
E i’ M"o \ ..) as N ('{’0 I S @ o . ;';L . ] - © et ] ;"m—
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FUS0IS3 %aon 23 pRodlans oxo lengs Tao effects of ingrencdng the
oEher ¢2 crea do exhiguois. meinly toccuse 0 myh dependd wBa
ymedhan é9s revou (iviGe Tham DRCDLML IRAO SBAll SUVGL Zspeeee Y Ret.
Yo excuplo ; cue geroe in the secomd colwm from the right sotually
plcve the longer seauznces down, beiag worpe than & whole polid problem
of mEhers. Yhea the probleEm iz of length 9y - XXXXXXX0X hns: P WOSL of
21045 Wierses. xoxexxxx hes & 3esa fime of cnly 9.0. Similarly.
Rk 0x hos 2 poan of 1l.2, KXRXOOCEXXXExxexix has & nean of
only 10«7« The discrepancies ere spmall but ia s wexpected &lrection.
. These lhwited Asta sugzest that the yowmges children; 10~32 yaess
of age, ove mach Bove seneliive to the Fresent of gerc colymms thean ere
the older childiren, If ths zayes are oo looated ae 40 diylde up the
long probien into small squal subsequences, then they bave & Levorable
effect, If the zeros sre asymustrically located, it is as I they
tresk up the "set" on shythm ef the subject, #nd actuslly sics him-

dowts The youngar chiliren, velug norevhe’ lecu experiencad i galon.
imtton on suck 1Cug PiODlSRs. mIy sot 1D & tenpovary et of caMmTing

’ meny. end may he Alorupied by cccasinal snd otnervine, uaedens inisr-
rptdous of this repetities cask.

In Table 2 1t will be noticed that the totel error date ara not
vory 4ifferent in the (wo MS. ' eae ;at.her striking finding is Theb
the ltngest problema, numbess T, 8, tnd A shakiuve Soe Tewest 08 5
grew. selabively Jarge nunbers of Grrors X s YEnE sublectlis . -
Brvors Ave slmost wiformly dlstribubed over probises by the older -
SBIACEBy in ewer o 07 o, Ga L b s oo Yooy e e

S
il P

..._._
o 10




h[ KC SR I .
- El N < S

wll Toxt Provided by ERIC

e A

Q

S Qﬂ:‘:.. S e oy o T O o4 SO N
) TR ~TRE o

- . . N
h . 3 . e RSN N SIS
.’."'i Ao 7 7 ¢ . P SN

S S e W va e .- = < oo S YT e o - B i e e VR PP EC R RV

I% 1 possible thedS the siblects make eirors by falling 4o carry
e oro from the previcus column, This particelar errer cam easlly de
Jdeptified, £~ 1% ogcurs only in colwms thel are nvt: &t the right
odge of the prohlen end 40 xoh i;m"s 8 zero column to the #ight, (for
they have no d1git to umxxy), and should ajwsys be errore in which the
answer given is one too smell, sincs the aunber to be carried, in adding
two nunbars es consiizucted here, is always one. .

Totaling the dats for all 12 subiscis, thers srg a totel or 1512
inatences Sn which & one is caried, In L0, or (0264 of these cases,
the sasver wes 700 iox By lv Thore wers 30% caszs in vaich there was
noe 3 to carry, ead of these G 4 or 0234, were to0o lmrdy 1 ¢« The
difference in progorticn 15 caly .002 , and appears negiigible.
Furthernore, when thers 18- & oam 49 carry, there wers & total.of &
errorsy of which: 40 or LS50 were erruora 400 iow by oney - In the
cozep in whidh there was no nuzber to carry, only 15 ervors were mdl,
of which 9 or ,60. were snsvers oo low by oue. Thusy the partizslar
error thet wmld be symptomatic of faildng ¢o carzy A digit, slving s
apewer %00 low by cme, is sctuslly slightly mere common when theve is
no, a@@ 0 carry.

B Discussion .

... ' From the shove enalyser, we cenclude that sdding two ixrge nombers
by hsnd s & ghepeuise PrOCINS, Laking epproxinatily: b secoads per
colume; for oldexr childreu. 12«14 . end shout - 10, pecouds for yomaer *
chiliren,: J0=12 yeurs o pge..- 2pra pﬂm ‘sre. phlstiva)y tast for
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tra aldsy calddren, teking only 1.2 see. Zero coluams 8aIVe 4+5 break
tp the loug proviem for the younger children, This helps 1f the licug
prgblen 1o choppeld inth equale.sized parts; and ninders if the szero
coluie is nesr the right (bepinuing of the z&f&l@) in which case it
eppszertly diszupts & setis There is zo tenlency for the subjects to
e ‘convistently by forgetiting to caryy the ones.

/ Appsvently, this tesky waich is faniliax for the younger children
and veyy stsy for ‘the older ones, shutws & late stage in the evoluticn
o? & serial oz slgorithmde skill, -The younger children cannot carry
tho 3oug sequential totk out very efficlentiy wmless it 1s divided jato
segnénts, " Howevey, they also make some use of o temporary "mental set”
snd eppavently "cerry one" efficiently if that is required all across
the problem. Thus, we mAy envisags the younger children treating such
& problem &8 6 vhols, with the verious steps strongly interrelated and
either orgenized or homogenized.

The older chiiiren, for whom this is an eesy and roucins task,
apparently handle it much less as an integrated task. That is, they
add even very large munmbers and are hardly sloved down by having &
19-4igit number to work with, Dividing such a task up with zeros has
no particular orgerizing effect, for the ddstribvution of zeroe makes
no difference to such older caildren, Since the zeros encble the
subject to leave out paxt of a step, zeros speed up the problem by
baking less time, 2nd havs no other detem.able effeact.

In the ususl rsychological isagusge, it would appeer "zechanlcal”
or "noneintuitive® to handle ths problem as the falder. children Qo,
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(3 nelther arganizing nor taking advsatage of mpezial, repetitive putterna.

~ The very considezable speed adventess of the older children belles such
a ccnelul:lon. Furehemore. :lt mat be reauzad i:hat there is not, .'m
Mthmetic 1n aeneml, m ﬁuttem to the e.‘..aits that nmst be amaa.

LEBIY L. 3w st

"i; The yattaim or eq«l spe.cms ef zemi e:tc., 15 :mrely acciaent(sl ana

-t L SRR PR B ¢ "y
N eniuslou in the eemtext of a&dj.ticm. ma skill or uﬂdim J.a.rge

o P LN S GRS SRR+ ORISR bl

- nmdbam should not ‘Iae iatlmeea 'by aeciaenbal pa.tte*na ol 'ﬂze numhers,
Sea rar sueh pmems ere m scnem 5.rre.le'!eao %r me ‘prebles,

R Ea PR PR T 3

_ ‘Ilms ve nmst not be t.oo hasty in signing % p:s:ltiw va:lue ta
crsanizing procenea. In the presw* exg@rment, ehna.ren 10-»14 hm

i ergmim" Mormr,aien the.., is not gmerauy uaamz, in aﬁdtion, and
. I m - ramuz give nore ..ntereeMng data but sre ?&* Yses efﬂ.c:lant %hen
ozm children, 13415 , vho shosed almost 1o simue of the oreanizsticn

’ tendencias made ava:lmla o:r the ezperi.m‘aer.
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Egpordient IV

PREPARATORY SEf I3 ::ummxms

There is a story told sbout ap ancient univera-., in Cermeny, w”*.:acs:
vhen it va; young and W as an Amee?'icm St;ate. University. It is sa.id
that a succesam burgher visited thn professor of mathematics at this
Gemaa B’nweuity asking advice in the education of h:!,s eldsﬁt son,
whoze %alentn the fa.ther viahad %o advance, He inqaired whether it
wyould be aatisfa*tcry for his boy €0 study st the Gemaa wniversidy,
or whether he must be sent all the vay to Italy. Ti*e profesaor is

M -
supposed %0 have repliea, "I¢ 1t will be enough that he be able'to add

-

e

and aubtract, then your son will be educated well enough in Gormanyew
but if he must slso multiply and divide, then I fesr he must be sent %o
study in Itely."

X

il

Vhether this story ié trae or not, it 1llustrates the inherent
aitficulyy of multiplying and dividing', 'ga ccmpared to addition., In
public achools fox some timz, the most powerful weaepon emploved 'in
teaching chiluren to tultiply hes been the "multiplica.tim +eble" )
mmar!.med ~ad perfomed a‘ith roa3cnable spead end skill by meny, :lf
not ali, children. . ‘

A few years after thia training <he sane cbj 1d :!.s in colle’ge, &nd
L ¥4 eskea & aixmle problen nke "ﬁhat is 6 x 4" wild give the smswer
fanxug qulck]y, and m.ll prohably be comct. if ask»a hosr h= knwe
P easwar the s'!masmt replies that he Jjugt remembers it. Mos'c o

om' college vtudents perforn the multiplication tadble as & well-practiced

o VY I S 2R I NG i B A v T B PR
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gkill, end one might o3 voll ook then how thoy walk es hew they

Saliiply-eths tvo thillc are almost eguelly useonscelous,

_ Hovever, suy skill must have sore limitations thet nsy tell us
- somothing sbout its sitructure, If che colleze student has uwemorized
e the sultiplication teble and pesforme such tasks fram mamsry, then we
. should detexmine the function of mémcry &5 well as possible, Whatg
exactiy, is ravsubered, now is 1t locked Wy, what errers are possible,
& whst is the prossdure of search of mamisry (1f search is necegsary)?
It 15 natuszl 0 condract ssmamiborins widh caleslatise, In the
poychalogieal litsrature theve is & dichotomy between thinking and
smorer. Bebvesn msmovizing aud organizing, beotweds productive and
reprodnctive thinking, The sibject who says He merely remeubers the
enevey 18 2lsc sayirg that he does not perforn any comdeicus calculstion.
Howover, remcrber thet in the muitlplicction tebles 3I--9 , there
ave & iotol of 81 emsvers, not all differems, reugisg fram b %o 8l
s the name of the mulsiplicstion tTudle sugpests, the Pactors and proe-
Gusts oon be Arranged in o sauare teble. Wien a sthjest "repsvoers”
oz of these tama. 4t 4w patural to think 6f hinm'es YIocking it v o
& toble ipgerivad in his memory. If that ip trus, than he ectually may
engsee '1 soxa soit of search, and &s a résult msy be faster in arriving
st some rroducts than othiors, Usder time freéssure come gudjecis will
zake errivamethelr erpuve shoull fovis a pEttarn; IT we délieve ag
sosys 1ikely thst erors are oftern “dear misyes® in semrdhing for the

COTYEGE tnpver,




02 courae, mawg;%@mﬂw%ma of &3 @ kind of
celemiciien. In €he lengusge of computers, the subject must elther
calcule®a the enswer or, if the answezs are located in 2 teble, &2
st calculste the addreds of tie suswer. In moye peychclegical verms,
ws gy inegioe 6 subject.using s variety of cues and Mscrinfustions
&6 24nd hin o the correct memory and svay from cervsin possible errors,
ute saauenss of Afaciinivations, especially 1f they direct 8 stres:
A2 dehmvior ths rsinly comes from the mgmtz oWa reticeinsiions
rathe than 23 Tesponses "cé externally~chzaging stinmull, sy be cslled
& "ealowistic®,

. . . Poan twls it mey bte comjectured dhel the prodess by whilch a ovllege
shudant muitipliss two numivers is elther s calculaticn or 8 Process
somevhat Jike a caleulation, Sincs tho bosk is skilled we Go not

knowr what the covpénents mzy be and must stw "e‘;em W esperizent,

__ The prosent experiment studied S50 college studants dolng the
mtiviicatica-l¢ble a3 rapidly es possidle. The expevimenter pre-
gentad the Swo factors end as socn &8 possibie afler the second wes
sespented {verbaliy), the subject gave the product Verdaiiy. Differ-
ences between &ifferent prodlexs m tizz t0 ansver, &nd 18 SLAUTESY,
may help us understand the sm of the skill,

Eoysver, if ve think of oultiplying as a seareh prociss, then it
4s eppavent thet the speed of completing & givwin aeavch_ mds nps
only on Whers thé susver is, tut also on where the seaxcher starts.

If the poobIam t8 8 x 7 and the subject has sterted & esarch st
2 x2 it may toke him a long vhlle to arrive at the aolution, I,
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ca tho cihor hend. $ho subject bogen his scarch et 9 X 9 5 thes ho
ray coon exeive at 8x2 7 . '

Thorvefore, +o understend the search process we must attempt vo

. atart the subject et different points, &nd aiso give & variety of pYo-

Dlama. ang see if the subject’s times and errors reveal anything sbout
the path tcken between the two points, Of course, this theory is
mainly metephorissl, but it does suggest that we wisn to vary not omly
the preblenm, tut also the svhject's preparstory set o7 starting point.

To control preparsiory set each sibject was given a whole sequence
of maltiplicstion probiexs such as T7x3, Tx6, Tzh, Tx9.
ase. . intendsd €0 get up en “expestetion” or “set™ for prodlems or the
Porz T X1 ,vhere n would vary. When this set wse previty well
estebMohed, variations were mmg suet 22 % x 7 {roversing the order
to mx T ) axd also entirely exbrasedus problems such &8 9 x5, If
m18ipiying 40 & scerch process of any sorl, thea the “propavatory st
chould be estehlished 25 the cubject leasnsc wheve to desin hiz seami,
and excepbional iters in the 2ist should be slowed Gowm beveuse they
gre nob to be foumnd in the immeddebe search area.

Hethod

These experiments wers performed in the Psycheleglesl rohoratories
at Iudiens University, in a s=all lshoratory rozs. Apparatus ccasisted
uainly of & suall iape recorder cn vhick ooth the experimenter's

votimIug® and the subject's uzgponses” were: ’recorciea,
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Suhiectar Sukioctz vers 50 students from elsmentsry poychology. lezhuwro

|

end 1sborctory courses eh Indlzwe Usiversity, wozking for class eredbs
Thers were 22 snlo cad 28 Zemales. 17~25 yenre 6id

soz.vins and they ‘wei‘a '!:o uult ply the two siven mmbm as tmt a.s

[ |
~

[ R S e N R T

p%si.ble. E save m two nmabers verbally about J.!2 lec. apart, and

8 apwéed ver‘aallf wim tne answers 'me ne;:t y,roblan m preasnted

a‘om’c 3-=», sec. em: the response, 50 &3 to pmrent ® ﬂnﬁ 8 !allir.g

{nto & rhythm, - R o
fJesponses wers recoxded ¢ & tape recorder, and lster the tape

was played before a volcs=Xoy systen emd the timss recorded manually,

S T T Lt & T

Designe Each sevies comsisted o2 25 problama, coasisting of 21 itexs
of the schuindueing tyro,; twe "reversels®, and two "exvertions™. In
the Mst 7 x n o for example, the 21 set-loducing iteve woiiibe ¥ x 1 ,
et da, T2 3 4-T29 5l Tho geversgleowouldi be a3 X 7 4 for

exerpln, 82 7 . The "exception®™ item has o P--4n 23; belns for

g
. . - | '. o ‘
‘;';z-;g_e_gx mﬁe: nﬁaacus s:ere mstructed that th:ls m a s‘cudy of prc%lm- l

e28Mis 2 X 3« Bah subject wag clven & suech Yigike, the comsm | ‘:

/WA TS R
p B A

G i TR R

| AXSRKTIN. LA CSED Al S

elepants bedng 2 5 3 5. 55 T 5 a08 2 ¢ glven in permpted orders |
for fifferent subjects. The aetefnducing Stems Hnd their ecpatent: “
adgit fTimst, {7 ¥ 1) 1n half the ligta, and mecond {n % 7) 4k 2he - -~
cothax half ozrjtgha e I LR N I SR O O
. With thiz Ot ie 50BAlbim T Saupare seb~induning, reversal,

w_%\ wmmm i-humlmia 5%&’;‘&"‘""1“ :
appenx At alostecocoonding voints 3o saciom sarisn. belng sete

N (T LT
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S inGucing in ozmo cerles, o reversal in emoths® csvics, ood &n escopticn

- ' in 6ti1) o thizd. FustBerncre, it 18 pessidle 0 otuly the develorment
i of the zet, amd tha tims ond eswors maga ¢o prhlems of vesfous sizss,

by oingifng ¢St onla' setainfuting itens for considaretion.
. Bcause & Treversal® is not & reveras) wmid: the set is well

e oF Teversal &id not sppear until trial
. 10-12 Of & Beries of 25 The t¥o revoroel and the two ezcepticn itexs
wers ‘tHen spread cut guité evenly over the lest 132415 items so thes
each was preceded by &b least toree comsecutive ssteinducing items,

i:)i&l". il"‘ . L3 - i T ~ P
W ON TS WY VEY &SV WAV

e -  Results

- Y& -oPeT-61l wemn tiné to multiply two nuzbers in the sst-indncing
,_ rouy vwes 0,86 sed, s raversed items avez’agea 0.88 cee,, only elightly
—- 3 louge¥s bt ogoeptidn ttens averaged 1,00 sss., considerably slower.
o Froft This ve Bay conchides thit the effort to <s%ablish & deberuining
tendeney of set was BuccessiGi. The vesudts ave chvvs iu Pz, bl
‘ T I e HoF donsider oniy the set-irvducing itess, it is spperaat
that ‘arger mmhers taXe 1ofzer. to maltiply thas cmalier cnes, Several
o possibilities cen be wmtertatnsf, Tor exeiple; it Mey be that the
child learns the muitiplié=tion teblis wp €63, then up 4o b, ate.,
end is more skillful ’m&‘*mfﬁ“% thoge smailer nuxbers, If o3, it is
natursl %o suppdee thet the s o caleutete ghould depend cndy o the
Tavgas f the ‘Tho nunbers piven, Por the lerge numbey detzratnes the
IsgEess Sehis thet wust be kntin, Pig. U2 sugeébts sticasiy thet this
cotijecture’ £ Incorvest, The veasen $s thry 1Y anything, tite to-
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. Insert Figde Gel w2d w ETut B0
i . calenlets sesms ¢o depend zicre on the aallor than on the lsvger dlgit:
ﬂ.’ that 3s, the lines are displaced wpe-tnl-dowa &8 much if not more then
B the line: 11+, increasing with the larger &lgit.
= incther powsibis mesas of yltiylyisg ie for the subject to lock
5 the sxswer up in & two-vay tsble, If 50, then vhen given the Pirst
,_'«j';_ ﬂﬁé‘i, tus subjecs =ight sclssd o zow of the tshie, than vhen given
the Beccnd numDer might scan dovm et tebis looking for the answer,

These 19 no ¥eagon to suppose that 4ime-to-uultiply, hers measureq &
tim% froz the gsecond factor ¢¢ the ansv-, uculd esaend upon the first
'm, Ho matter ¥hst the first Lfactor is, the subaeet cen select

. " hie row before the sccond factor, and the messured reaction time, begins.
Figure U-3 shows thet the reaction time does depend strougly oo the
wﬂt’z@ of the seccﬁd digit, as might be expected from this nypothesis,

but alsc dspends heavily on the first ¢izit, for notice that the curves

in Fig. ka3 are seporobted widely, os well as being tilted.
: 3 i Wmm
E q Insert Flg. li=3 about here

ksl
}

i | muw, at, ry ve sazpmea thse the subject mm:y calenlates
. the solution to the prsblen by & very rajid xwocess of sdition oP
courting. If so: tiie tink réditred shonld Appead upe e megnitade of

. tye acever itself. . 1 Fig. U-h is pleited thet meax reaction tice as
] ' B eeld '
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o fenotion of ko product or trus aucwer. Notlco that prodazio of 5,
pzaly, 2%5, 325, 7Tx25.,6rd § x5 ers conovded Zaotor then
othsr profusts. The date points iz Fig. k-8 lie rosconedly cigse 1o

thp curra, suggesting thet the process of mmléiplylug docs sesn to

aspend upen both factors and their magnitules, but the result is hardly

. ﬁaﬁniﬁve ancvugh t0 aliow w3 1o comclude thet the process is aceode

plisked through em adsiss or comnting proceduva,

Sl SIS ED ARSI -

SR N,

Tnoert Plg. bl ebout hare
mmmum

Comsvhst more dotalled informaticn is coteaimed by concidering the

| infrequent errorse For this pmaée, consider ouly respoases fron L0

0 T2, fc. thie rarce cimbains nost OF the erire mads,

A total of 5L orrora were rpoerved, and the most striking fact s

thst most of the mumbers given in errer are products of other values

vi.%hin tiie multiplication tadble. Frez k=72, the following wunbers
egpear 48 Provusud lo Ude wallipllestls dbls p w0 Se; %, B

¥, k8, W, S, 56, 63, € ,and 72., Taus only ten cf

tha 33 waiuss, 56;12 s &rs products.

| 5 sotad of 42 errcrs coundisted of wrong profucts, vheress aoly 12

errors were distrituted over the other 23 nmérs. Eack proiust was

152 & a error on the arerage k.2 timss, wheress esch number thet

13 oot & product ie wsed sn sversge of 0.5 times,

This reanl( sireugly susgests that subjocts o not Just "ealculate”

the nunber bY a comting oy m;smcuammwmshm:w

ve—— - " -
TGS, AT, e mam
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CVaR-TuR. On tho coatrary, cubjacts cesk te hove avellebla tho iiot
¢f epsuoRn o profucts, ond atiept to oslsct The ona corrcet amouer
fyren this liot vaen givea the factors,.

Further evidence that we deal with sozething other then o ecunting
ez adding process ic given by the fact that 10 of the 54 ervors were
of magnitude greater thaa 10 , that ig, the dlffersnce between the
answer given and the true product was grester than 10 . Ccmsidering
ths high proportion of accurate respmses, (a total of 6,250 respouses

were elicited, of whish 6,196 or sbout 99 percent were corract), orross
es lawge as 10 should be very rure if produced merely by a counting or
adding nochenism,

Of those cmswers glver thet are wrong but sre profucts, U2 responsaes
in total nuber , 31 are products of one of the nurbers in the ect
times pome wrang nurber. For exemple, given 7 x 6 t¢he cubject might
give vesponge 63 , which 33 equal 0 7 29 » Thersiore, the emswer
given shaves ope factor with the correct aasver,

If maltiplying consistad of locking vp valuss in a table, one
zicht oxpeet e subfect usually ¢o cvieln & cordsct recdinz of the rew
bat .~ e in erwer with résg&cﬁ to The colwm, or viceeversa. If 2o,
oriinexily the sudject would err in aly ome ¢f the two factors.

The noia axesption to this pottern wes found in the confunien ox
two very Sifficnlt poodncis, 6292 5k end Tx 8w 56 o It was
relatively eoumon for subjects to confusc these twog o total of pine

¢ to 5b total orrars wers confusions. However, wetice theb theso

two profucts kavo no coxron Tackors in the 1tdle, thongh both aere evea.
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o2
o foot thod thoy avs pumsricllly vory eleso seems $9 hovo o srevda
50 pedfudy © nigh Tveytoney OF cexiuniono,.

Ha pow hava. exsrging. & ploturs of ¢he ivplcal sublest hovien
memoriecd end leawned o genermte e iist of nurbers t2at ave tha pro-
ducts or sosvers to the muttipiication tedle. Given 4k factors he
sonwhow naea dhem $¢ ssusck s list, tsying to plek oak ths corrics
ensvwar, Ths process takes an average of sbout one seconrd,

One £inal 1des thet would relste the multinlicstion iahle to c8le
calatton would be the use of velid cuss, sbout the facters, to choose
{or eliminats) possible products. One simple rule is this: any two ofd
facsora give an odd product, and it there is an even fector tha produee
must He even., If the subject used this failrly.chviozs rule, than he
would make nmainly odd errcys when given tuwo o438 fectors, and even
C.eov8 sthewwtoes Tsble el shovs the results of & tatulation.

) Tebie Lel

ffeg,uancy of 0dd and Even Errors &3 &

¥

Function of Whetker the Product

'Itself was 0dd or Bven
. ) " -

Corract Product -
Sudbject's Error

AN
4l




13 ¢ be oo fr Todle bel, tho subicetc chevel & gtReRs pRce
fomrmen £62 Ve Over o4 prednats o7 GPTGRISHD CoowcEs. Tals o
maflest ¢ha Poold thet of the 10 cocsible wrengy products, 7 &2s 2ven &nd
cnly 3 ave odd, If the subject has been given 2 pzodlica with an odd
product, there are only two other Sdd products thet can be exrors, and

i

nrodneta . o thg probsbility (other things equad) ¢ an odd
product teing Eives &% an error should ve 2/(2+7) = .222, Inthe

‘-

Pable, 3 o€ 19 or ,158 cof the errors were odd. If tue subject

hes Deen given & provism vith an sven angwer therc mre © even pEoGGucis
thet can be wrong, and 3 codd, The probabilicy of sa odd product being
given as an error, cuher things egusl, wouldbe 3 /9 = 333 « In the
table it is snom tnat i of 35 , or 34 of tho cmere avs 3.

These two calculstions sive &y accurete oecoumt of the values in
Peble Lel, T0 complete the armuzent, notice that a to2el of 19 ocut
o2 Sb _errcop ers mede wiem the correct product is odd, dhat is, ,352 .
Since ore=iiird of iae true enswers eve odl, o»2 might have yredicted
o33 of 2l crrore would bo maje (o 0dd producis, 42 thers were o biss,
end txs &iffe—sncs &k siight.

In swmEsy, orsoss vo-o3 "0dd” problen have & tendmcy 19 be even
errcrs, 4f theze.is no blas, sliply dbecsute oue of tus throe poasible
odd profacta 1s alresdy used up as the correct answer. Errors @ “even”
problems havs s corresponding thevgh szeller tendency to be odd, Tus
colculaticas glven stove agres very closely with such predicted veiues,
coasiderirs the suall muher of isorvsilons, This, In utn, Sgroes

with ¢he bypothesis tbnt the sublacts, when trying to find an exswer




?.

P

in ¢ho matipilesticn tobla, &0 mob uso tha cus of "BV e35° fa
gelesting ¢ho enowey they will cicsze. Teope 45 no correlaticn hutwicn

- el

svensTiescs ©f tho saswer given &ad Sven-ncss S5 the tim== 'é,?nf__*-:.c:.*

Coneinsicna

Thio study has shown, first, thut clear patiarns may émerge vhen
ve study performancs on-s highly-skilled methemuticsl task; sven %0
simple & task oz multiplying two sizall nuzbers, using the mltiplicatice
table,

Seams, & set or dtefnining tendency can bd esteblished over @
gequonce ¢f 10 such prstlsms, strong encugh %o cdice s@e Gelay when
& problan cuteids the st is datreduscd, e dsiey. frea epproximstely
J82 e 1.00 Bec,, was net very lavgs bub seemed dotectdble sad
pPobsbly significant, : -

e axsch nstute of (his set rezains scmewhst unelser, After o
gavtes cf traals on T X n y the swbject is sloved only sitghtly by
begin glven n x 7 . but i mode floved R by B'XR D¢ b -Eppeasi,
then, that & set to £ind T xn I3 vexy plziied ¢o, &8 cpetible with,
anet to 2ind nx T« The "miltiplication tedls” iby of compse,
syrnetrical becsuse tue operetion of mxitiplicatidn is coemslhtives
azb=bra. ‘ »

It is cbvioes Fnet larzer numbers requiTe murd Bime G4 celculela.
8o £ar &9 vo heve been &bIe ¢ Giscenn, 16 10 not e Slrsty T iz

sacond, por the avger of the %0 Cuoiers LReU &L satang $les, T T3

oF $ns Coctor . i.0s (5o imtinte of a8 elestr = U7 -




Ozs pocciblo esplencticon -of this fach woulf ko thet tho sublect

tmeong Aaasdy calenicies the answer, by & process of suesessive edding

. 22 sountins. Oisswly, eamting up to 72 , even ab a vory iagh gpesd
and unconsciously, stould take longer thea cownting to 27 »

. Analyess of oreors indicgtes thet errore avo no} mavely the

< results oF sioppims chord or cvsrrmuning of & countiag meshanism, With
Pemarzanle conciet:ney sudjsets choose, &8 SXrONEOUS EusWers, nERSers
that appear iz the multiplication tabla &8 products.

The errors Gi4 not consistently lls just sbove or just next to the
CORTooS ancwsy in 4he Eodis-dhat fa . sublects 414 BOU IMGF & WSF
gtrops smd consistent tendsnoy B0 sbstitnte En Y Lw B8 5 B2,
for & commnon emdieio ves betwese 827 @i $x6

Bubjesss showed po discernibls tendency to <hioss BVER srves vhen
she Srue produes wa3 ZVEE, so the UDD-BVEE gooperly wes ssperandly ag%

veed o splsttins A 2 Owam Sha Gebia.

e el o

A process of estinukin, 42 veed, was aly feirly euscssslful,
since 10 of the T arrevs weve pore thsn 10 fn magmitute.

The versits of thic experimest sve, thevefove, somskhal negative,
s Shew vs heve giimlmoted many possibie dschenlexms for e Procsss o2
paletplyirs amald nunbers, vithoet erriving 2t & vesy clear ploturs et
the procass aciuelly ussd, We know that 3% is ach o ;ediew cf & simple,
renlom-acenss. DEmOrT,. Since eot 62 mampitude of tho musbers, &b lessd,
reva o 270 offoch oo bies (o wessend. A st £ T x o AUSS wezkad
s3nest o8 vl £6v D % T o dndlenting s coxmubebivity of multiplie
oszica 1o uged ky £he rubjlects in cvganising the taoRe Howevwems

—— b et i o a——
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caclyods of errors chovs thet subjocts 6o not use the ODD-EVLT rula %o
golact enowors, tut do plek tiost of tholr ervors from veincs in the

= teble.

y One mey-pleture vhe proccss epprovimately as follows. The subjoct
- in hig hilthood training on the miltipliceticn table, has mastered s
e gererel sxill in vhich he caz generite any of the products, 4 , 12,
_:t'. k5, M, W sh, 36, 3, 64, T2, m@ 61 wvery rspldly
viien ¢iven a multiplicctiou-teble provlem, His prodlem, therefors, is
merely to selsct among thcse values when given the spoidfic factors,

A QiSficulty fecing the sulject =3y Ve that the possible answers
axe cpaced widely with many neneinavers betwean, It msy be relutively
esgy Lo Tigd the cnswer vheon answers sre nore closely packed and thers
ars fzwer imposoible veliues to bo ignored, Inspsction of Figure 45
shoss Thet the mbwers to probletin in the multiplication tedbles, l-=9,
&% emmeontyated &Y ths lover valuss end become quits spevse sheve 50.
This may be the source of the difficulty stulanie heve celeculating the
jarger profucts. This Zypethesis would teke acecuat of the fact that
the apced sesns %0 Gapend upcn the product rather thsn clither factor,
yot erzors are patierned as they ave,

Homsthelcss, it must de 2&midted thet the picture of multiplying
glven by this experimest 4s very incouplete. The fact. emarging frem
tke Cmta end not forseen, is ths grest importencs of whab may bs
called the “respomes producticn® aspest of th2 precess. The iwmpuxricace
of groducing respomses, in crdinary paived-essocictes learning, hes
Beon erpaesized especially by Underwood (for example, in the bock by




S
incert Fig. =5 chout kore
Py T e ) &W
Underwood and Schuls)e Ir the sask of muisd s &t least when

reciting the 1.5 teble repidly, 1}3 spraars that students become
especiaily resdy to enlt those nusbers that are products in the tedle,
By vhet mechsnism these nurbers are integrated and given stroug

ere avallable. then some mechanism is nseded to suppress. 6ll budt vhe
eorreet t#apme. This process worke& successfully 99 percent of
the time, in the present experiment, bui we fourd that when subjects
4id exr they often got neitheyr factor right, and paid ro dstecteble
attention ¢0 the odd-gven primciple, This may mex2iy mean that thuse
m&m happenzd to allp, producing an exver, wd that they ere
tﬁam sufficient to yield a correct ansvei,
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